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SYZ MIRROR SYMMETRY

• Calabi-Yau manifold M
n: ! symplectic form,

⌦ holomorphic n-form

• special Lagrangian fibration: p : M ! B

(!,Re⌦ vanish on fibres)

• fibres are tori Tb

• mirror = dual fibration, fibre over b = moduli space of flat
U(1)-bundles over Tb

1

• ⌦ = real part of a holomorphic n-form

quadratic moment map µ : S3
V ! g

•  2 H
0(⌃, S

3
V ⌦K

1/2)

• {(V,�) : � = µ( )} is Lagrangian

• L \A = 3-torsion points : mirror?

NJH, Spinors,Lagrangians and rank 2 Higgs bundles, Proc LMS,
115 (2017) 33–54.
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• fibres of p : M ! B are tori

• flat tori – linear vector fields

• fibres of mirror are abelian groups

• lack of symmetry ⇠ gerbes

1



• mirror of Sp(m) moduli space = SO(2m+1) moduli space

• two components: spin/non-spin

• Lagrangian L, L \A = union of translates of B

• mirror B0 connected
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CONCLUSIONS

• “most” C⇤-invariant Lagrangians meet a smooth fibre in

dimension zero

) support of mirror is whole moduli space

• ... but “many” hyperkähler submanifolds do not intersect
the smooth fibres: if h : ⌃ ! ⌃̄ is ramified then S is singular

1
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• ) switch attention to hyperholomorphic bundles
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REAL FORMS
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• complex structure I: moduli space of (stable) pairs (A,⇥)

G = U(n) vector bundle V , ⇥ ⇧ H0(�,EndV ⇤K)

• complex structure J: flat Gc-connection

⌃A +⇥+⇥⇥ (representations �1(�) ⌅ Gc)

• complex structure K: flat Gc-connection

⌃A + i⇥� i⇥⇥

26



REAL FORM Gr

• K ⇤ Gr maximal compact

• principal Kc-bundle

• g = k� m

• Higgs field ⇥ ⌅ H0(�,m⇥K)
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• C⇤-invariant

• line bundle U 2 Jac(S), �⇤U ⇠= U

• L \A

1



• moduli space of flat G
r-connections: Hom(⇡1, Gr)/Gr

• fixed point set of involution on M

• I-holomorphic, J,K-antiholomorphic

• BAA-brane

2



• 0 ! H
1(⌃,R) ! H

1(⌃,R⇤) ! Z
2g
2 ! 0

• ↵
10 + ↵

10
2 H

1(⌃,R)

• p : H0(⌃,K)⇥ Jac(⌃) ! H
0(⌃,K)

• H
1(⌃,R⇤) = 22g *holomorphic* sections of p

H
1(⌃,R⇤) = *real* points of (C⇤)2g

4

• each component I-holomorphically parametrized

by ↵10
2 H0(⌃,K) ⇠= Cg

• ) switch attention to hyperholomorphic bundles
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• L = moduli space of flat Gr-connections

• Gr = split real form e.g. SL(n,R), Sp(2m,R), . . .

) L \A = 2-torsion points
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• for many Gr, L does not intersect the smooth fibres
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U(m,m) ⇢ GL(2m,C)

• e.g. SL(n,R) ⇢ SL(n,C), Sp(2m,R) ⇢ Sp(2m,C)...

• Hom(⇡1, Gr)/Gr intersects a generic fibre in 2-torsion points

• BBB-brane supported on whole space

2

• maximal compact U(m)⇥ U(m)

• bundle V = V+ ⇤ V� Higgs field ⇥ =

�
0 �

⇥ 0

⇥

• characteristic class c1(V+) ⇧ H2(�,Z)

• ⌅ di⇤erent topological components

L.Schaposnik, Spectral data for G-Higgs bundles, arXiv:1301.1981

3

• spectral curve det(x��) = x2m + a2x
2m�2 + . . .+ a2m

• fixed points a2m = 0 4m(g � 1) points

• �⇤U ⇠= U action at fixed points ±1

• action +1 everywhere ) U pulled back from S̄ = S/�

• L \A = 24m(g�1) copies of Jac(S̄)

L.Schaposnik, Spectral data for U(m,m) Higgs bundles, IMRN,
11 (2015) 3486 – 3498.

1



• spectral curve det(x��) = x2m + a2x
2m�2 + . . .+ a2m

• involution �(x) = �x on S

• V = ⇡⇤(U⇡⇤K(2m�1)/2), U 2 Jac(S)

• line bundle U 2 Jac(S), �⇤U ⇠= U

• L \A = fixed point set of � = abelian subvariety B
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REAL FORM U(m,m)

• L \A = 24m(g�1)�1 copies of Jac(S̄)

• and M
_ = Sp(m)-moduli space

• dimH
0(L \A,E) = 24m(g�1)

• L has di↵erent topological components

) hyperholomorphic subbundles

2



• (L \A)0 ⇠= P(S, S̄)

• mirror supported on the family of Prym varieties over

H0(⌃,K2)�H0(⌃,K4)� · · ·�H0(⌃,K2m)

• = Sp(m) moduli space in U(2m) moduli space

• ... which is hyperkähler.

1
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S-Duality Of Boundary Conditions

in N = 4 Super Yang-Mills Theory

Davide Gaiotto and Edward Witten

School of Natural Sciences, Institute for Advanced Study

Einstein Drive, Princeton, NJ 08540 USA

Abstract

By analyzing brane configurations in detail, and extracting general lessons, we
develop methods for analyzing S-duality of supersymmetric boundary conditions in
N = 4 super Yang-Mills theory. In the process, we find that S-duality of boundary
conditions is closely related to mirror symmetry of three-dimensional gauge theories,
and we analyze the IR behavior of large classes of quiver gauge theories.



Table 3: The first column lists the unbroken subgroups H in boundary conditions in SU(n) gauge
theory that are defined by an involution τ . The second column lists the unbroken gauge symmetry
H̃ of the S-dual boundary condition. The third column describes the Nahm pole, if any, that is
part of the reduction of the dual gauge group from SU(n) to H̃. The fourth column describes
the matter system that is coupled to H̃. (The hypermultiplets indicated are in the fundamental
representation of Sp(n).)

H H̃ Nahm Pole Matter System
SO(n) SU(n) None Non-trivial SCFT
Sp(n) SU(n/2)2 n = 2 + 2 + · · ·+ 2 None

S(U(n/2) × U(n/2)) Sp(n) None Hypermultiplets
S(U(p) × U(q)), p > q Sp(2q) n = (p − q) + 1 + 1 + · · ·+ 1 None

(1)′ The S-dual of a Class II boundary condition that breaks U(n) to Sp(n) (without
boundary hypermultiplets) is a boundary condition with a Nahm pole relative to the decom-
position n = 2 +2 + 2 + . . . 2. This breaks U(n) to what we will call U(n/2)2. Here U(n/2)2

is a diagonal subgroup of U(n/2) × U(n/2) ⊂ U(n).

(2)′ The S-dual of a Class III boundary condition that breaks U(n) to U(p) × U(q)
with n = p + q and p ≥ q + 2 is a boundary condition built from a Nahm pole and a
further reduction of gauge symmetry. The Nahm pole is associated with the decomposition
n = (p − q) + 1 + 1 + · · · + 1 and commutes with U(1) × U(2q) ⊂ U(n). The boundary
condition further reduces U(1) × U(2q) to H = Sp(2q). If p − q = 1, there is no Nahm
pole; the dual boundary condition simply reduces the symmetry from U(n) to Sp(n − 1).
In each of these cases, and in contrast to the symmetric case p = q, there are no boundary
hypermultiplets.

These results are summarized in Table 3. The table gives the group H that is left
unbroken by an involution τ , and the construction of the dual boundary condition in terms
of a Nahm pole, a group H̃ that commutes with the Nahm pole, and a matter system
with H̃ symmetry. The table has been written for G = SU(n) rather than U(n). This
is accomplished by merely dropping central U(1) factors (which in our constructions obey
Dirichlet boundary conditions on one side, and Neumann on the other) from various entries.

Our table can be compared to the first three lines in Table 1 of [41], which refer to the
group An−1 = SU(n). What is called gR in the first column of that table is the Lie algebra
of a real group GR whose maximal compact subgroup we call H . (From our point of view,
the data determining GR are the choice of compact gauge group G and involution τ .) What
is called h∨ in the fourth column is the complexification of the Lie algebra of what we call
H̃ . With this translation, our table is in perfect agreement with that of [41].

129



PERVERSE SHEAVES ON REAL LOOP GRASSMANNIANS 3

gR g ǧ ȟ Remarks
AI sln(R) sln(C) sln(C) sln(C) split
AII su∗(2n) sl2n(C) sl2n(C) sln(C)
AIII/AIV su(p, q) sln(C) sln(C) spp(C) p ≤ q

p + q = n
quasi-split if q = p
or q = p + 1

BI/BII so(p, q) so2n+1(C) spn(C) spp(C) p < q
p + q = 2n + 1
split if q = p + 1

CI spn(R) spn(C) so2n+1(C) so2n+1(C) split
CII sp(p, q) spn(C) so2n+1(C) spp(C) p ≤ q

p + q = n
DI/DII so(n, n) so2n(C) so2n(C) so2n(C) split

so(p, q) so2n(C) so2n(C) so2p+1(C) p < q
p + q = 2n
quasi-split if q = p + 2

DIII so∗(2n) so2n(C) so2n(C) spp(C) p = [n/2]
EI e6(6) e6(C) e6(C) e6(C) split
EII e6(2) e6(C) e6(C) f4(C) quasi-split
EIII e6(−14) e6(C) e6(C) so5(C)
EIV e6(−26) e6(C) e6(C) sl3(C)
EV e7(7) e7(C) e7(C) e7(C) split
EVI e7(−5) e7(C) e7(C) f4(C)
EVII e7(−25) e7(C) e7(C) sp3(C)
EVIII e8(8) e8(C) e8(C) e8(C) split
EIX e8(−24) e8(C) e8(C) f4(C)
FI f4(4) f4(C) f4(C) f4(C) split
FII f4(−20) f4(C) f4(C) sl2(C)
G g2(2) g2(C) g2(C) g2(C) split

Table 1. Associated Lie algebras ȟ for non-compact real Lie algebras
gR with simple complexifications g. Notation following É. Cartan,
and [Hel78].

equipped with its classical topology. We call this space the loop Grassmannian of G,
and denote it by Gr. The filtration by order of pole exhibits Gr as an increasing union
of projective varieties. As a topological space, Gr is homeomorphic to the space of
based loops from a circle S1 to a compact form Gc of G whose Fourier expansions are
polynomial. It is homotopy equivalent to the space of continuous based loops from S1

to G. It is called a Grassmannian since it may also be realized as a certain collection
of subspaces in the infinite-dimensional C-vector space g(K). See [Lus83, Section 11]
and [PS86, Chapter 8] for more details. Although the latter work in the context of

• � : V ⇥ V �K generically an isomorphism

• 0 ⇥ H1 ⇥ H0(coker�) ⇥ 0

• coker� supported on det� = 0

real forms of Gc

subgroups of LGc

2

• � : V ⇥ V �K generically an isomorphism

• 0 ⇥ H1 ⇥ H0(coker�) ⇥ 0

• coker� supported on det� = 0

real forms of Gc

complex subgroups of LGc
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1. QUANTUM LINE BUNDLES

2. COTANGENT BUNDLES

3. HIGGS BUNDLES

D.Nadler, Perverse sheaves on real loop Grassmannians, Invent.
Math. 159 (2005) 1–73

2• Gr � Gc

• ⇥ Ĥ � LGc

Conjecture The mirror of the moduli space of flat Gr-bundles
is supported on the Higgs bundle moduli space M(Ĥ) � M(LG).

2

• G
r ⇢ G

c

• ) Ĥ
c ⇢ L

G
c

Conjecture: The mirror of the moduli space of flat G
r-bundles

is supported on the Higgs bundle moduli space M(Ĥc) ⇢ M(LGc)
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• G
r ⇢ G

c

• ) Ĥ
c ⇢ L

G
c

Conjecture: The mirror of the moduli space of flat G
r-bundles

is supported on the Higgs bundle moduli space M(Ĥc) ⇢ M(LGc)

10

MAXIMAL SPLIT SUBGROUP

THE NADLER GROUP

• G
r ⇢ G

c real form

• Ĝ ⇢ G
r maximal split subgroup

• Ĝ
c ⇢ G

c complexification

O.Garcia-Prada, A.Peon-Neto, S.Ramanan, Higgs bundles for

real groups and the Hitchin-Kostant-Rallis section, arXiv:1511.0261
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• Lagrangians L0, L1, ...

• same support of the BBB-brane )

they must di↵er through the hyperholomorphic vector bundle

1



HYPERHOLOMORPHIC BUNDLES

64



• connection with curvature of type (1,1) wrt I, J,K

• 4 dimensions = anti-self-dual

• � holomorphic bundle on twistor space

9



• Levi-Civita connection is hyperholomorphic

• Higgs bundle tangent space (Ȧ, �̇)

• @̄A�̇+ [Ȧ,�] = 0 modulo (Ȧ, �̇) = (@̄A , [ ,�])

• = hypercohomology H1 of

O(g)
[�,�]
! O(g⌦K)

• holomorphic structure relative to I
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• @̄A�̇+ [Ȧ,�] = 0 modulo (Ȧ, �̇) = (@̄A , [ ,�])

• = hypercohomology H
1 of

O(g)
[�,�]
! O(g⌦K)

• holomorphic structure relative to I
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• 2 ⌦01(g)�⌦10(g)

• same support of the BBB-brane )

they must di↵er through the hyperholomorphic vector bundle
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• 2 ⌦01(g)�⌦10(g)

• elliptic complex

0 ! ⌦00(g) ! ⌦01(g)�⌦10(g) ! ⌦11(g) ! 0

• tangent space to M = first cohomology group

1



• Dolbeault version of hypercohomology

• sequence of sheaves O(g) ad�
! O(g⌦K)

• tangent space to M = first hypercohomology group H
1

• varies holomorphically over M with complex structure I

1



• Higgs bundle equations FA + [�,�⇤] = 0 ) flat connection

• variation: dA(Ȧ+ �̇+ �̇⇤) + [�+�⇤, Ȧ+ �̇+ �̇⇤] = 0

• tangent space to M = first de Rham cohomology group H1

of flat connection

• varies holomorphically over M with complex structure J

1



• Hodge theory for elliptic complex

0 ! E0
d
! E1

d
! E2 ! 0

• d+ d⇤ : E0 � E2 ! E1

• same operator for each complex –“Dirac” operator D

• cokerD defines a hyperholomorphic bundle over M

2



• replace g by any representation of G

• hypercohomology of sequence of sheaves: O(V ) �
! O(V ⌦K)

• cokerD defines a hyperholomorphic bundle over M

• “Dirac-Higgs bundle” (if a universal bundle over M⇥⌃ exists)

1



• (A,�) symplectic Higgs bundle

• O(V ) �
! O(V ⌦K)

• 0 ! H1(ker�) ! H
1
! H0(coker�) ! 0

• det� = 0 on x = 0 and coker� ⇠= L

so

H
1 ⇠=

M

xi2S\{x=0}

Lxi

3
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VECTOR REPRESENTATION OF GL(n,C)

128• open covering U↵, . . .

✓↵� holomorphic section of V on U↵ \ U�

 ↵ on U↵

• �✓↵� =  � �  ↵ ) class in H
1

• project to cokernel )  ̄� =  ̄↵

1
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• (A,�) symplectic Higgs bundle

• O(V ) �
! O(V ⌦K)

• 0 ! H1(ker�) ! H
1
! H0(coker�) ! 0

• det� = 0 on x = 0 and coker� ⇠= L

so

H
1 ⇠=

M

xi2S\{x=0}

Lxi

• Dirac-Higgs bundle V hyperholomorphic

3

VECTOR REPRESENTATION OF GL(n,C)
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• Lagrangian L ⇢ M

• E 2 (L \A)0 ⇢ M
_ line bundle on A trivial on L \A

H
0(L \A,E): basis vector for each component of L \A

• E 2 M
_ regular ) vector space H

0(L \A,E)

• universal bundle on family A⇥A
_
) vector bundle on M

_

is this hyperholomorphic?
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• Lagrangian L ⇢ M

• U 2 (L \A)0 ⇢ M
_ line bundle on A trivial on L \A

H
0(L \A,U): basis vector for each component of L \A

• U 2 M
_ regular ) vector space H

0(L \A,U)

• universal bundle on family A⇥A
_
) vector bundle on M

_

is this hyperholomorphic?

1



REAL FORM U(m,m)

• L \A = 24m(g�1)�1 copies of Jac(S̄)

• and M
_ = Sp(m)-moduli space

• dimH
0(L \A,E) = 24m(g�1)�1

• L has di↵erent topological components

) hyperholomorphic subbundles

2



• �
⇤
U

⇠= U

• action at fixed point set ±1

• c1(V+) ⇠ number of +1s

• basis vectors for H
0(L \A,E) ⇠

even subsets of 4m(g � 1) zeros of a2m

1



• M
_ = Sp(m) moduli space

• E 2 A
_ = P(S, S̄)

• {x1, . . . , x`} ⇢ S \ {x = 0} defines

Ex1 ⌦ Ex2 ⌦ · · ·⌦ Ex`

• vector space
M

{x1,...,x`}⇢S\{x=0}

Ex1 ⌦ Ex2 ⌦ · · ·⌦ Ex`
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• Dirac-Higgs bundle

V =
M

x`2S\{x=0}

Ex`

•

⇤`
V =

M

{x1,...,x`}⇢S\{x=0}

Ex1 ⌦ Ex2 ⌦ · · ·⌦ Ex`

induced hyperholomorphic connection

• no universal bundle for Sp(m)

• local ones di↵er by a line bundle L↵� on
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• local ones di↵er by a line bundle L↵� on
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• sum over `-element subsets

M
_ = Sp(m) moduli space

• E 2 A
_ = P(S, S̄)

• {x1, . . . , x`} ⇢ S \ {x = 0} defines

Ex1 ⌦ Ex2 ⌦ · · ·⌦ Ex`

• vector space
M
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• Dirac-Higgs bundle

V =
M

x`2S\{x=0}

Ex`

•

⇤`
V =

M

{x1,...,x`}⇢S\{x=0}

Ex1 ⌦ Ex2 ⌦ · · ·⌦ Ex`

induced hyperholomorphic connection

• no universal bundle for Sp(m)

• local ones di↵er by a line bundle L↵� on

1

U↵ \ U� ⇢ M
_ of order 2

• ` even ) ⇤`V well-defined

U↵ \ U� ⇢ M
_ of order 2

• ` even ) ⇤`V↵ = ⇤`V� well-defined



• SU(2) bundle V , S
3
V symplectic

quadratic moment map µ : S3
V ! g

•  2 H
0(⌃, S

3
V ⌦K

1/2)

• {(V,�) : � = µ( )} is Lagrangian

• L \A = 3-torsion points : mirror?

NJH, Spinors,Lagrangians and rank 2 Higgs bundles, Proc LMS,
115 (2017) 33–54.

1



REVERSING THE MIRROR
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• E.Franco & M.Jardim Mirror symmetry for Nahm branes,
arXiv 1709.01314

• tensor product (V1 ⌦ V2,�1 ⌦ 1+ 1⌦�2)

• fix V2, HK map M(U(m)) ! M(U(mn))

• pull back Dirac-Higgs

• ... Fourier-Mukai mirror

supported on a Lagrangian L with L \A finite

1



• m = 1 = Nahm transform

J.Bonsdor↵, A Fourier transform for Higgs bundles, Crelle
591 (2006) 21–48

• :a fixed Higgs bundle defines a hyperholomorphic bundle on
T
⇤Jac(⌃)

1
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• “most” C⇤-invariant Lagrangians meet a

smooth fibre A in a finite no of points

• ... can a hyperkähler submanifold?

• Not mirrors of C⇤-invariant Lagrangians

• ... which were subintegrable systems
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• H2 = C2
� jC2 projection p(z, w) = w

I(z, w) = (iz,�iw), J(z, w) = (�w, z)

• A =

 
0 1
�1 0

!

S = {(z,�Az̄) : z 2 C2
}

• S \ p�1(w) = (Aw̄,w) single point

• I(z,�Az̄) = (iz,�A(iz))

J(z,�Az̄) = (Az̄, z) = (w,�Aw̄)
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• semi-flat metric is hyperkähler

•

!2 =
X @

2
�

@xj@xk

dxj ^ dxk

!1 + i!3 =
1

2
!jkd(xj + iyj) ^ d(xk + iyk)

1

• semi-flat metric is hyperkähler

•

!2 =
X @

2
�

@xj@xk

dxj ^ dxk

!1 + i!3 =
1

2

X
!jkd(xj + iyj) ^ d(xk + iyk)

1

• semi-flat metric is hyperkähler

•

!2 =
X @

2
�

@xj@xk

dxj ^ dyk

!1 + i!3 =
1

2

X
!jkd(xj + iyj) ^ d(xk + iyk)

• defined over B
reg = open set of base giving smooth S

2

SEMIFLAT METRIC

• S ⇢ M hyperkähler submanifold

• restrict x1, . . . , xn Hamiltonian functions

... no longer Poisson-commute in general

• Hamiltonian vector fields on semiflat M preserve metric

... tangential components on S preserve induced metric
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• S ⇢ M hyperkähler submanifold

• restrict x1, . . . , xn Hamiltonian functions

... no longer Poisson-commute in general

• Hamiltonian vector fields on semiflat M preserve metric

... tangential components on S preserve induced metric

1

• tangential components on S are the Hamiltonian

vector fields Yi of xi restricted to S

•

5



• circle action: vector field X

• moment map for !1 = �, also J-Kähler potential

• in the semiflat metric X is horizontal ) JX,KX vertical

• S hyperkähler ) dimS \A � 1
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• circle action: vector field X

• moment map for !1 = �, also J-Kähler potential

• in the semiflat metric X is horizontal ) JX,KX vertical

• S hyperkähler ) dimS \A � 1 if S is C⇤-invariant

2



• In general....

• JX,KX are linear vector fields tangent to M \A

• ... closure of an orbit ) abelian subvariety C

• C0
) C⇤-invariant Lagrangian

1


