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CHAPTER 1

Analytic algebras

1.1. On the dimension of an analytic algebra

Let A = R/I be the quotient of a local ring (R, mp, K) modulo an ideal I C mp.
Denoting pu(I) = dimg I/mpl the minimal number of generators of I, the (Krull)
dimension of A is trivially bounded from below through

dimA > dim R — u(I).
Much better estimates are possible, for example
(1) dim A > dim R — s(I) > dim R — pu(I) + u(mI N 1)

where s(I) is the analytic spread of the ideal I and where mI denotes the integral
closure of mI in R. We review these notions and prove the inequalities below.
Both estimates are geometrically motivated. The difference dim R — dim A is the
codimension of the zero set V(I) of I as a closed subspace in the space underlying
R, the analytic spread is the dimension of the special fibre of the affine blow-up of
I in R, and the lower bound s(I) amounts to semicontinuity of the fibre dimension
of a morphism between spaces. The geometric intuition behind the lower estimate
involving mI is a “curve test”: If we know all germs of curves contained in the
germ underlying A, then we know its dimension. Unfortunately, both blow-up and
integral closure of an ideal are in general difficult to determine if little is known
about the ideal.

If A is an analytic algebra over K and K is of characteristic zero, a simple
compromise is possible: Choosing for R a smooth analytic K-algebra and denoting
Qi‘ /K the module of universally finite differential forms, one has

(2) p(l) = dimp Bxtyy (g5, K) > p(I) — p(mI N 1).

That the codimension of an analytic algebra can be bounded from below in terms
of dimg Extz(Qi‘/K, K) is a result due to Scheja-Storch [SSto, (3.5)] who interpret
the latter dimension as “differential defect” of A and call it the differential rank or
d-rank of I in R.

Before proving the results in full, let us remark rightaway why the left inequality
in (2) holds without restrictions on K. Consider the Jacobi map jac: I/I? —
Q}%/K ®pr A and let J = Im(jac) be its image. Applying Hom 4 (—, K) to the exact
sequence
yields a surjection Homa(J, K) — Exth(Qi/K,K) as Q}%/K ®r A is a free A-

module. By definition, Hom4(J, K) € Homa(I/I?, K) = Homg (I /mlI, K) and so
w(l) > dimg Extil(ﬂi/K, K) as stated.
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To formulate the other claims succinctly, recall that the embedding dimension
of a local ring (A, m, K) is defined as emdim A = dimyx m/m? and that the analytic
spread of I is the (Krull) dimension s(I) = dim gr;(R) ®g/; K where gry(R) is the
graded R/I-algebra associated to the I-adic filtration on R.

THEOREM 1.1.1. If A = R/I is a quotient of a regular local ring (R,m, K)
modulo an ideal I C m, then

dim A > emdim A — s(I) > emdim A — pu(I) + p(mIN1T).
If A is an analytic K —algebra over a field K of characteristic zero, then
(1) emdim A = dimg HomA(Q}MKJ()
2) dim A > emdim A — dim g Ext 3 (2} ., K) .

Note that 1.1.1(2) can fail in positive characteristic. For example, if K is a field
of characteristic p > 0, then A = K, . /(a¥,...,2P) is of Krull dimension zero
and of embedding dimension n, but Q,lq/K is A-free so that Exth(QiVK7 K)=0.
According to [SSto, (3.2)], the estimate still holds if K is perfect and A is generically
reduced.

Before proving the theorem we recall first the definition of integral dependence,
see [1].

DEFINITION 1.1.2. Let R be a ring and I C R an ideal. An element z € R is
integral over I if there is an equation

" +ax" M+ +a, =0
with a, € I”.

For instance, every element of I is integral over I. The set I C R of all elements
from R that are integral over I is an ideal, the integral closure of I in R.

An important classical criterion for integral dependence is in terms of valua-
tions. It formulates algebraically the geometric intuition that integral dependence
can be tested along curves.

THEOREM 1.1.3. Let R be a normal Noetherian ring and I C R an ideal. An
element f € R is integral over I iff for every ring homomorphism p: R — V into
a discrete valuation ring V- with valuation v the inequality

v(p(f)) = min{v(p(g)) : g € I}
holds, that is ¢(f) € (I)V.

For a proof we refer the reader to [2, p.353, Theorem 3]. O

REMARK 1.1.4. In the complex analytic case, this criterion can be reduced to
the following geometric one: If (X, 0) is the germ of a reduced complex space and
R = Ox, then f is in the integral closure of I C mp iff for every complex arc
v: (C,0) — (X,0) it is true that ¢p*(f) € ¢*(I)Oc,p where ¢*: Ox g — Ocyp is
the associated homomorphism of analytic C—algebras. In other words, along every
arc the vanishing order of f at 0 is at least as large as the vanishing order of some
function from 1.

We split the proof of the theorem 1.1.1 into a sequence of lemmata and propo-
sitions. The first part is a consequence of the following.
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PROPOSITION 1.1.5. Let (R,m, K) be a local ring and J C I C m ideals such
that J is integral over mI and I/(J + mI) is a K-vector space of dimension k.
Then dim R/I > dim R — k. In particular,

dimR/I > dim R —dimg I/(mINI)=dim R — p(I)+pu(mINI).

ProoOF. Replacing J by J+ml we may assume that J O mI. Choose elements
Z1,...,xk € I that form a basis of the K-vector space I/J and consider the natural
ring homomorphism

K[X1,..., Xs] — é (I" /mI") T" = R[IT]/mR[IT]

v=0

given by X; — 7;T € (I/mI)T. B

In a first step we prove that this map is finite. In fact, the elements f7T', f € J,
generate the ring R[IT]/mR[IT] as an algebra over K[Xy,..., Xy], and if f™ +
a1 f"~'+---+a, = 0is an equation of integral dependance for such an f € J over
ml, the coefficients satisfy a, € (mI)”, whence (fT)” = 0 and finiteness follows.
This implies

dim R[IT]/mR[IT] < k
and it suffices thus to show that
dim R — dim R/T < dim R[IT]/mR[IT].

But R[IT]/mR[IT] appears as the special fibre of
R/I — gri(R) =P 17/1""!
v=0

and so, by [Mat, Thms.15.1, 15.7],
dim R[IT]/mR[IT] > dimgr;(R) —dim R/l =dim R — dim R/I .
(I
By definition, the dimension of the ring R[IT]/mR[IT] = gr; ®g,; K is the
analytic spread s(I) of I. The above proof thus shows
COROLLARY 1.1.6. With notation as in the preceding proposition,
B(I) < (1) < k < (1) — p(mI N 1)
or, equivalently,
dimR/I > dim R — s(I) > dim R — pu(I) + p(mINI).
O

Also the mentioned geometric meaning of s(I) is apparent from the proof of
the proposition: It is the dimension of the special fibre in the affine blow-up of the
space underlying R along V' (I), the closed subspace underlying A. The lower bound
in terms of the analytic spread then just says that the dimension of the special fibre
is at least as large as the codimension of A in R.

Now we turn to the easier differential estimate and prove the second part of
the theorem where we may assume that K = C. We begin with the following local
version of Sard’s theorem that expresses the generic smoothness of a function.
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Ox1’°" " Oxpy

LEMMA 1.1.7. Let f € C{z1,...,2,} be a function and denote jac f = (ﬁ
the Jacobi ideal of f. If f(0) =0, then f € jac f.

PROOF. Let C be the reduced critical set of f, that is the set of zeros of
Vijac f. Its analytic algebra at 0 is accordingly Oc,o = Oc» o/Vjac f. If f does not
vanish on (C,0), then one can find a curve ¢: (C,0) — (C,0) such that fy is not
identically zero. Algebraically speaking, if f # 0 in the reduced local ring O¢ o,
then C' is of dimension at least one and there exists a prime ideal p C O¢ o that
is of codimension one and does not contain f. The normalization Oc¢o/p C C{t}
defines then such a curve. As ¢*f € C{t} is not the zero function, but satisfies
©*f(0) = 0, its derivative dp* f/0t with respect to ¢ does not vanish identically.
Applying the chain rule to ¢* f € C{t} yields now a contradiction:

dp* f :é¢(8f> dp(x) —0eci

as by choice of ¢ one has p(9f/dx;) = 0 for each i. O

As an application we get the following result, see [BSk, Cor.], [Tei, Exerc.3,
p.591], that is a generalization of Euler’s identity for homogeneous polynomials.

PropoOsITION 1.1.8. A function f € C{x1,...,2z,} with f(0) = 0 is integral
over the ideal I := (xl%, ceey xn[fo). In particular, f is integral over mjac(f).

PrOOF. We first show that f belongs to the radical of I. Denoting S C
{1,...,n} any subset, the ideal js := (%;j Z S) + (x4;9 € S) contains I and
VI =g V7js. With fs the image of f in C{xzy,...,z,}/ (z;;i € S), one has

s = (5;‘.7 #5)= (gfj #5) = (juc fo) mod (a5 € 5).

As fg € v/jac fg for every subset S by the preceding lemma, it follows that

fe(fs)+ (xii€8) CVijac fs + (x50 € S) C/Js

and so f € V1. B
To prove that f is already in the integral closure I of I, we use the valuative
criterion from above. To this end, let ¢: C{z1,...,2,} — V be a ring homo-

morphism into a discrete valuation ring with valuation v. We need to show that
o(f) € p(I)V. We may assume that V is complete, in which case V = K; where
K D C is a field extension. If ¢(I)V = V there is nothing to show. Otherwise
o(I) Cmy and so o(f) € my, as f € VI. By the chain rule

de(f) _ \- of \ dei
dt _;‘p(ax) dt

)
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where ¢; := p(X;). Using v(dp;/dt) +1 > v(p;), we get

vl =v (5 11 s o(f) € my,

o (o (20) o)
oo 22)))

so that o(f) € p(I)V as required. O

REMARK 1.1.9. Briangon-Skoda [BSK] proved that the integral closure of any
ideal J C C{z1,...,z,} satisfies (J)™ C J. They used this result in conjunction
with the preceding proposition to conclude that f™ € (z1(9f/0x1), ..., 2, (0f/0xy)),
thereby answering affirmatively a question raised earlier by J. Mather. As C. Huneke
pointed out, there is presently no reasonable method known that would allow to

obtain an explicit “Euler equation” of integral dependance for each f.

Now we finish the proof of theorem 1.1.1. Write A = R/I with R =
C{z1,...,7,} and I C m2. The associated Zariski-Jacobi sequence is

I 2 0k e 9p A — QY o — 0.

As I C m?, the image of j is contained in mQ}, ® g A. Dualizing the sequence into C,
claim 1.1.1(1) follows. If j mod m is injective, then Ext} (24, C) = Homc(I/mI, C)
and so the dimension of this vector space is just p(I), the number of equations
defining A. In the crucial case that j mod m is not injective, let [ I C R be the
ideal with I D [I D I? and [I/I? = kerj. Thus [I consists of all functions f
from I that have all their partial derivatives in I. By proposition 1.1.8, the ideal
J I is integral over mI and assertion 1.1.1(2) follows now from 1.1.5, in view of
Imj=1/[Iand

dim¢ Exth(Qi/K,(C) = p(Imj) =dimc I/(f[I+mI). O

REMARKS 1.1.10. (1) The notation [ I used above is due to R. Pellikaan [?],
[Pel] who calls this ideal the primitive ideal or integral of I. Colloquially, the
result in 1.1.1(2) thus says that functions in the integral of I do not contribute to
the codimension.

(2) The preceding proof shows that dimg EXti‘(Qi/K,(C) = p(I) iff [T C ml.
This happens for example if A is a complete intersection, that is, I is generated by
a regular R-sequence, as then s(I) = p(I) and each inequality in 1.1.1 becomes an
equality. Conversely, if A is reduced and 1.1.1(2) becomes an equality, then A is a
complete intersection by [SSto, (3.7)].

(3) Assume f € C{x1,...,2,} has an isolated singularity at 0 and is not quasi-
homogeneous with respect to any choice of coordinates. By K. Saito’s theorem
[Sai], then f & jac(f). For I = (f) + jac(f) this means [I ¢ mI and so
A =C{xy,...,x,}/1 satisfies

dim A = emdim A — dim¢ Extk(ﬂ}q/K,C) =0>emdimA — pu(l) =-1

whence here the lower bound in 1.1.1(2) is sharp and better than the trivial one.
It should be interesting to find other characterizations of those algebras A for
which 1.1.1(2) becomes an equality.
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1.2. Analytic algebras

Let k& be a valued field and denote by k{X}, :=:= k{X1,...,, } the ring of
convergent power series. We recall the following definition, see [GRe].

DEFINITION 1.2.1. A k-algebra A is called analytic if there is a finite k-algebra
morphism k{X}, — A.

It follows that A is a semi-local k-algebra, i.e. A has at most a finite number
of maximal ideals. One of the most important facts for analytic k-algebras is
Weierstrafl preparation theorem which we state in the elegant way given by Serre,
see [GRe].

THEOREM 1.2.2 (Preparation theorem). Let A — B be a morphism of analytic
k-algebras which is quasifinite, i.e. B/mB is a finite dimensiona k-vector space for
every mazximal ideal m of A. Then A — B is finite.

We also remind the reader of the following useful facts, see loc.cit.

REMARKsS 1.2.3. 1. It is well known and a consequence of the preparation
theorem that analytic k-algebras are noetherian.

2. If A is an analytic k-algebra with maximal ideals {mj,...,m;}, then A =
Hz’ Ami .

3. If A is an analytic k-algebra and M is a finite module over A then we
can form the trivial extension A[M] := A & Me where the product is given by
(a + me)(a’ +m'e) := aa’ + (am’ + a’'m)e, so that 2 = 0. It follows from the
definition that A[M] is again an analytic k-algebra. Note that A— A[M] is a subring
and that Me—A[M] is an ideal with A[M]/Me = A.

1.2.4. Let A be a finitely generated k-algebra and m C A a maximal ideal. Then
we can associate to Ay, an analytic k-algebra A%" in the following way. Assume that
ai,...,an, are k-algebra generators of A. As k — A/m is finite there are equations
of integral dependence

ng n;—1
fi=a" +cna;’

4.+ i, €m.
Then the map
k[ X]n = k[Xy,...,X,] > A with X;— f;
is finite, and m contracts to the ideal (X1,...,X,,). We set
ALY = E{ X b @pix), Ams

which may be regarded as a subring of the completion

A = K[ X]]n @k(x], Am-
This construction is independent of the choices made above as follows easily from
the universal property which is as follows.

PRrROPOSITION 1.2.5. Let A be as above. Then every k-algebra morphism ¢ :
Am — B into an analytic k-algebra can be uniquely factored through A%™.

The proof follows immediately from the construction.
There is an important special case of this construction. Let F := {X1,..., X, }
be a finite set and m C k[E] := k[X1,..., X,] be a maximal ideal.
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DEFINITION 1.2.6. The k-algebra
M{E}m = k[E]S
will be called the free analytic k-algebra on E at m.

In the special that £ = C or, more generally, that & is algebrically closed, every
maximal ideal as above is of type (X1 —a1,..., X, —ay), with a € k™. Then k{E}
is just the ring of convergent power series

Z (X —a), ¢ €k

veN”
Clearly this ring is isomorphic to k{X7,..., X, } via translation by a. But for an
arbitrary field k the rings k{E}, are different, in general. In any case, this ring
should be viewed as the ring of convergent power series near the point a=m € A}.

ProrosiTION 1.2.7. 1. Let B be a local analytic k-algebra. Then there is a
surjection k{E}yn — B for some E, m.

2. Let C — B be a surjective morphism of analytic k-algebras. Then every
k-algebra morphism B : k{E}wn — B can be lifted to a morphism v : k{E}n — C.

PRrROOF. For the proof of (1), consider generators xy,..., %, for mp and ele-
ments Ty, y1, ..., L, € B such that their residue classes generate B/mp over k. Set
E :={z1,...,x,} and let k[E] — B be the k-algebra map induced by the inclusion
E—B. Let m C k[E]be the preimage of the maximal ideal of B. By 1.2.5 the map
k[E] — B induces a morphism p : k{E},, — B. By construction mB is the maxi-
mal ideal of B, and k{E}, — B/mB is surjective. By the preparation theorem it
follows that p is surjective.

In order to prove (2) we may assume that B, C are local. We first remark
that there is a map 7 : k[E] — C lifting the restriction 3|k[E]. Then ¥~ (m¢) =
m necessarily, and so by 1.2.5 4 induces a morphism of analytic k-algebras v :
k{E}n — C lifting 5. O

An important observation that in the category of analytic k-algebras there are
always fibred coproducts also called analytic tensor products.

ProroOSITION 1.2.8. Let A — B, A — C be morphisms of analytic k-algebras.
Then there is an analytic tensor product B 4C.

More explicitely, B® 4C is an analytic k-algebra together with morphisms B —
B®4C, C — B®4C such that the following hold.
(T) For every pair of morphisms of A-algebras ¢ : B — D, ¢ : C' — D there
is a unique morphism ¢ ® 1) : B&4C — D restricting to ¢, ¥ on B, C
respectively.
As for the usual tensor product, the maps B — B®4C, C — BR4C are written
asb— b® 1, c— 1 ® c respectively.

ProOOF. We will only give a sketch of the proof leaving the details to the reader.
In the special case that A =k, B = k{E}y, C = k{F}, we set

W{E}n@ik{F}o = [ [ H{E, F}on,
m

where 9t runs through all maximal ideals of k[E, F| containing mk[E, F] and
nk[E, F]. It is easyly verified that this ring satisfies the universal property above.
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In the case A =k, B k{FE}n/b, C = k{F},/c it is easily seen that the quotient
of k{E}m®@rk{F}, module the ideal generated by b and ¢ is an analytic tensor
product. If B = [[B;, C = []C; are products of local analytic k-algebras then
their tensor product is given by

B®kC’ = HBi@ij'
2%}
Finaly, for a general analytic k-algebra A define B® 4 B to be the quotient of B&;,C
modulo the ideal generated by the elements a® 1 —1®a, a € A. 1t is easy to check
that this again satisfies the universal property, concluding the proof. Il

REMARKS 1.2.9. 1. If A — B is finite then B ®4 C = B®4C by the universal
property of the analytic tensor product.

2. The notion of analytic tensor product can be extended to modules. If M,
N are modules over B, C respectively, then we set

M&uN =M Qp (B@AC) ®c N.

3. As with the usual tensor product the analytic tensor product behaves as-
sociative for products of three analytic k-algebras. We leave the straightforward
formulation and its proof to the reader.

Finally we recall the notion of the differential module of an analytic algebra.
For a morphism A — B of rings a universally finite A-derivation consists in an
A-linear derivation

d:A—Qpa
into a finite B-module {2p,4 such that the following universal property is satisfied:

(D) If 6 : B — M is an A-derivation into a finite B-module then there is a
unique B-linear map h : Qp/4 — M with § =doh.

PROPOSITION 1.2.10. For any morphism of analytic k-algebras A — B there
is a universally finite A-derivation d: B — Qp 4.

Although this result is well known we will give here a prove which relies on a
general principle and which will turn out to be very useful in later sections where
we apply it to other classes of rings. Assume that C is a full subcategory of the
category of (commutative) algebras over a fixed ring k satisfying the following two
conditions.

(1) C admits fibered coproducts, denoted by B&4C if A — B, A — C are
morphisms in C.

(2) If A€ C and a C A is an ideal then also A/a € C.

More generally as above we have the following result.

PROPOSITION 1.2.11. Let A — B be a morphism in C and set Qp 4 = 1/17,
where I C BR 4B is the kernel of the multiplication map pn : B& 4B — B. Then
the following hold.

1. The map d : B — Qp/a given by d(b) = 1 ®b—-b® 1 mod I2, is an
A-derivation.

2. This derivation satisfies the universal property for all derivations § : B — M
into B—-modules M such that B[M] € C. In other words, every such derivation
factors through d via an B-linear map h:Qp/a — M.
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PROOF. The proof of (1) is a simple calculation which we leave to the reader.
In order to show (2) we first note that I is generated by elements of the form
1®b—b®1,b e B. In fact, if J be the ideal generated by all elements 1®b—b®1,
b € B then B&4B/J € C, and this ring is isomorphic to B® B using the universal
property of the tensor product. As B&pB = B we get I = J.

In order to check the universal property for d, let § : B — M be an A-derivation
into an A-module M. If A[M] € C then 1—06 : B — B[M] is a morphism in C and
so we get a map

(1-6)®1: B&4aB— B[M].
Restricting to I on the left and projecting onto M on the right gives a B-linear
map h: I — M satisfying h(1@b—b®1) = §(b). As I is generated by all elements
1®b—b®1, its square I? is generated by all products of such elements. The fact
that § is a derivation gives

hM((1eb-b21)(1®c—c®1)) = h(l1Qbc+bc®1—-bQc—c®Db)
= 0d(bc) — bd(c) — cd(b) = 0.
Thus h induces a B-linear map h : I/1? — M satisfying hod = 4. O

REMARK 1.2.12. Note that the category of analytic k-algebras satisfies the
conditions (1) and (2) above. Since trivial extensions of analytic algebras are again
analytic algebras (see 1.2.3 (3)), the existence of a universally finite module of
differentials is in fact a consequence of 1.2.11. Another example is given by the
category of all finitely generated A-algebras, where A is a fixed ring. Later on we
will see that also the category of Stein-algebras, i.e. algebras of type I'(K,Ok),
where K is a semianalytic compact Stein subset of a complex space X, will satisfy
these conditions.






CHAPTER 2

Vector Fields and Extensions

2.1. Integration of vector fields

Nonvanishing vector fields can be integrated to exhibit locally product struc-
tures of complex spaces. This basic fact is well-known and appears in various forms
in the literature, see e.g. [Fis, 2.12] for the complex analytic case, [Mat, 30.1] for
the algebraic version, or [Wal, 3.2] in the differentiable case. We give a short proof
of the result that we state in the algebraic as well as in the geometric setting, see
2.1.1, 2.1.2 and 2.1.5. We deduce from there an algebraic criterion as to whether a
map of germs (X, 0) — (5,0) of complex spaces is a product, that is, whether (X, 0)
is S-isomorphic to (Xo x 5,0), cf. 2.1.9. To recognize such a product structure is
central to many applications and later on we will formulate a quite more general
criterion that decides the triviality of a deformation in terms of the vanishing of
the Kodaira-Spencer class.

We begin with the local version that is apparently due to Zariski, cf. [Tei,
p.586].

PRrROPOSITION 2.1.1. (Integration of vector fields, algebraic form) Let A be an
analytic C-algebra. If there exists a C-derivation 6 : A — A such that §(t) = 1 for
some t € my, then Ay := Kerd is an analytic subalgebra of A and the canonical
map

i: Ag{T}—A with Tr—t
is an isomorphism of analytic algebras.

PRrROOF. We consider the map

p:=exp((T—t))): A— A{T}

f._)ZéU(f)(T_t)u

= v
that is a morphism of analytic C-algebras, see [GRe]. First we show p(A) C Ao{T'}.
For this, let ¢ : A{T'} — A{T'} be the derivation with 6|4 = ¢ and 6(T) = 0, so
that Kerd = Ap{T'}. As §(T —t) = —1, it follows that
. EI) o W
so(f) :Z [V!()(T—t) +#(5((T—t) )} =0
v=0

and we get ¢ : A — Ag{T'} as claimed. Now we show that @ oi = ida,(r}. Indeed,
if f=>a,t”*=1i>_a,T") with a, € Ay, then

e(f) =D pla)e®)” = a,T"

15
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as, by definition, ¢(a) = a for every a € Ag and ¢(t) = T. Finally we prove that
¢ is injective on A. Assume that f € Ker ¢ and consider a representation f = t¥ f

for some k > 0. That 0 = ¢(f) = ¢ (tkf> = T*p(f) implies

oo rs

0=o(f)=) ")

v!
v=0

(T —t)” = fmod (T —1t) .

But f € A does not depend upon T', hence setting T" = 0 shows f € tA, whence
f etFtL A Tt follows that Ker o C NtFA = 0. O
k

COROLLARY 2.1.2 (Jacobian criterion). Let 1,...,0, be C-derivations on an
analytic C-algebra A such that det(d;(tj)1<ij<n) is a unit in A for some elements
t1,...,ty inmy. There is then an isomorphism ¢ : Ag{T1,..., T} — A for some
analytic C-algebra Ag.

Proor. We proceed by induction on n. In case n = 0, there is nothing to
show. In the general case, after renumbering the §;, we may assume that 01 (¢1)
is a unit in A. Multiplying §; by a suitable element of A we may further assume
that 61(¢1) = 1. Using 2.1.1 we get an isomorphism A = B{T}} where B := Ker d;.
This isomorphism identifies §; with the derivation 9/9T) of B{T}}, and t; € A with
Ty € B{T1}. Replacing §; by 0, := 6; — 6;(t1)d1 for i = 2,...,n, we may assume
that &;(t;) = 0 for i > 2. These d;, i > 2, define derivations, say &;, on B = A/(t;).
By construction, det(d;(#;)2<i j<n) is a unit in B where #; denotes the residue class
of t; in B. Using the induction hypothesis the result follows. (I

The proof shows that if §,(¢;) = J; ;, then there is even an isomorphism ¢ as
above that identifies ¢; with T; and §; with 9/9T; for each 1.

This result implies easily the following smoothness criterion for a morphism
that we formulate again in the language of analytic algebras.

COROLLARY 2.1.3. Let A — B be a morphism of analytic C-algebras such that
Q}B/A is a free B-module, say of rank n. There exists then an isomorphism of A-
algebras B = (A/a){T1,...,T,} for some ideal a of A. If in addition A — B is
injective then A — B is smooth.

PrROOF. We choose ty,...,t, in the maximal ideal mp of B such that the
differentials dtq,...,dt, form a basis of QlB/A. Let 01,...,d, be the dual basis
considered as A-derivations of B. This means that §;(¢;) = d, ; for 1 <4,j <n. By
2.1.2 and the above remark, there is an analytic C-algebra C' and an isomorphism
¢ : C{T1,...,T,} — B that identifies ¢; with T; and §; with 9/9T;. As é1,...,d,
are A-derivations, the image of A in B is contained in C that we consider as a
subring of B via . Since dty, ..., dt, generate Q}B /A0 the Zariski-Jacobi sequence
shows that Qlo /A= 0. Hence A — (' is surjective. This proves the first part and
the second part is an immediate consequence of it. ([l

REMARKS 2.1.4. (1) The preceding results can be generalized to include trivi-
alization of modules. In the situation of 2.1.1, assume that M is a finite A-module
carrying a covariant derivative V : M — M with respect to §, that means

V(fm) =6(f)m+ fV(m)
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for f € A, m € M. There is then a trivialization M = My{T} over ¢ where My =
Ker V is a finite Ap-module. In fact, B := A x M with (a,m)(b,n) = (ab,an + bm)
is an analytic A-algebra and 6 x V : B — B is a C-derivation that maps (¢,0) to
1 =(1,0) in B and whose kernel is Ker(é x V) = Ay x My =: By. Therefore, by
2.1.1, B 2 Bo{T} and so M = My{T}.

(2) The same argument allows it to generalize 2.1.2 to modules. We leave the
straightforward formulation to the reader.

(3) The above results hold more generally for analytic algebras over an arbitrary
valued field of characteristic 0 as the proofs show. In particular, they apply to
complete local K-algebras over a field of characteristic 0.

Reformulating 2.1.1 in geometric terms gives the following proposition.

PROPOSITION 2.1.5. (Integration of vector fields, geometric form) Let X — X
be a morphism of complex spaces and let t € T'(X,Ox) be a function. Set Xy =
{t = 0} and assume that there is a X-derivation § : Ox — Ox with §(t) = 1. There
is then a neighbourhood U of Xo x {0} in Xy x C that fits into a diagram

XoxCD U-—"+X

L]

XO X {0} i XOv

where i is an open Y-embedding. One can take i = exp((T — t)d), with T the
coordinate on C.

PRrROOF. Identifying X, with Xy x {0} and applying 2.1.1 to every point of X
yields an isomorphism of sheaves

Ox|Xg —— Ox,xc|Xo x {0}

given by exp ((T' — t)J), where Ox|Xy is the topological restriction of Ox to Xo
and Ox,xc|Xo x {0} is the corresponding restriction to Xy x {0}. This defines an
isomorphism of germs

(X, Xo) SEEASEN (X() X (C7X0 X {0})
thus proving 2.1.5. [

REMARK 2.1.6. The reader is encouraged to reformulate also 2.1.3 and 2.1.4
(1) in geometric terms.

In applications, a relative version of 2.1.5, or, algebraically, of 2.1.1, is often
used.

COROLLARY 2.1.7. Let f : X — S be a morphism of complex spaces over ..
Assume that there is a pair of compatible vector fields (D, d) € Dery(Ox,Ox) X
Ders(Og, Og); meaning that

FL0s) 220 11(0g)

|

Ox

Ox



18 2. VECTOR FIELDS AND EXTENSIONS

commutes; and that there is a section t € T'(S,0g) satisfying 6(t) = 1. With
Xo = {f*(t) = 0} and So = {t = 0}, there are then open neighbourhoods U C XoxC
of Xo x {0}, and V C Sy x C of Sy x {0} resp. that fit into a diagram

XgxC o U s X

| ||

SoxC——oVls X
with open embeddings i,j over % such that
i|Xo x {0} : Xo—— X and j|So x {0}:Sy—— S
are the given inclusions.

PROOF. The rather longwinded formulation simply means that integrating a
compatible pair of derivations results in a compatible pair of trivializations. Just
take ¢ = exp((T' — f*t)D) and j = exp((T' — t)J). O

If t and § are given, so that S is already known to be locally a product, the
question whether the map f respects the product structure depends thus only upon
the existence of a vector field D on X that lifts 6. In the typical case where S is
an open neighbourhood of a point 0 € C, so that f : X — S represents a one
parameter family of spaces, the family is analytically trivial over S iff there exists
a vector field on X that lifts /9t where t is a coordinate on S.

One thus wants criteria that ensure liftability of vector fields. We formulate
first the result for the germ of a map to (C,0). To do so, and for further use in the
following section, we introduce the notion of the Jacobian submodule of a map of
germs.

2.1.8. Let (S5,0) be the germ of a complex space and g1,...9, € Ocnygo
holomorphic functions defined on some neighbourhood of 0 = (0,0) in C x S that
vanish at the distinguished point. We equip CV with coordinates (z1,...,2zx) and
denote by I the ideal of O¢n 5 that is generated by g = (g1,...,9r). Let

Jg : OgNXS,O O(ENXS,O

be the map given by the Jacobi matrix

0

Jg:( g@>, 1<o<r 1<v<N.
0z,

The image of this map is called the Jacobian module of g and denoted by jacg(g).

The extended Jacobian module of g is

jacg(g) = ZgiO(ENXS,O +ja‘CS(g) < O(ENXS,O )
i

the submodule generated by the image of the Jacobi matrix together with IOf . 5.0°
If S is just a reduced point, we write jac(g), jac®(g) instead of jacg(g), jacs(g).

In the simplest case S is a reduced point and » = 1. Thus g := ¢; is a
single function and jac(g) is its usual Jacobian ideal (0g/0z1,...,09/0zN), whereas
the extended Jacobian ideal is jac®(g) = (g,09/0z1,...,09/0zn), the ideal that
describes the singular locus of X = (g~%(0),0) C (CV,0).
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We now come to the promised first application of 2.1.5. Let
[ (X,O) - (C,O) = (570)

be the germ of a holomorphic map. We may assume that (X,0) is embedded into
(CN x C,0) in such a way that f is induced by the projection onto the second
factor. Let I be the ideal of (X,0) in O¢n g, assume that gi,...,9, € Ocvyso
generate I and choose coordinates (z1,...,2y,t) on CV x S.

The important infinitesimal criterion for the triviality of such a map can now
be stated as follows.

THEOREM 2.1.9. (Product criterion) With the notations just introduce, the
following are equivalent.

(1) There is a vector field D € Der(Ox o, Ox o) lifting 0/0t € Der(Os,, Os,0),

that is
Os0) o “H(Os,0)
| |
Ox.,0 b Ox.,0
commautes.

(2) (9g1/0t,...,0g,/0t) € jacs(g) € Ofn y 50-
(3) (X,0) is S-isomorphic to (Xo x S,0) where Xq is the fibre f~1(0) of f.

PROOF. A vector field D on X is given by a linear combination

0 0
D = aa — 261871 € Der (OCN“,Oa OCN“,O) (%)
such that
D(g1) =-+-=D(g,)=0mod I . ()

This vector field lifts 9/0t iff &« = 1 mod I. In particular, if there is a lifting then
there is one with o = 1. Writing out (xx) for o = 1 gives (2). Conversely, if (2) is
satisfied then there are 3; € O¢n+1 ¢ such that

8(917"'797“): al _a(glw"vgr)
— 5 = ; 0; 7(9% mod [

and the corresponding vector field D given by (x) with o = 1 satisfies (**). Thus
we have shown that (2) is equivalent to (1), and the equivalence of (1) and (3)
follows from 2.1.7. (]

We will sometimes need a variant of 2.1.9 where f : (X,0) — (5,0) admits a
section and one wants a trivialization along that section. More precisely, embedding
(X,0) appropriately, one may assume that 0 x S € X C C" x S with f again
induced by the second projection. The question then becomes whether there exists
a trivialization (X,0) — (X x 5,0) that is the identity on 0 x S.

PrOPOSITION 2.1.10. In the situation just described the following are equiva-
lent.

(1) There is an S-isomorphism (X,0) — (Xo x S,0) inducing the identity on
0xS.
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(2) (9g1/0t,...,0g,/0t) € IOGN , 5 o+ mjacg(g) wherem is the mazimal ideal
Of O(CN,O'

PROOF. Let D be a lifting of the vector field 9/0t. Integrating D gives an
isomorphism preserving 0 x S iff D is tangent to 0 x S which just means that
Bi € mOgn g0 in the notations of the proof of 2.1.9. The rest follows as before. [

Later on we will interpret condition 2.1.9 (2) as vanishing of the Kodaira-
Spencer class with respect to contact equivalence for the unfolding

g:(CY xC,0) — (C" x C,0)

of g(z,0), see Sect. 3.2. Indeed, it is a rather general principle that vanishing of the
corresponding Kodaira-Spencer class implies triviality of a deformation.

Our final example in this section highlights some of the finer points, in partic-
ular the analytic nature of the results.

2.1.11. (A family of elliptic curves) Consider the complex projective plane P2
with homogeneous coordinates (x,, z), and in P? x C over C the family of plane
cubics

2 3 2 t 3 2
X ={y*z —4z° + zz +3\/§z =0} CP*xC
where t is the coordinate in the base space S = C. The cubics are in Weierstraf3
normal form with go = 1 and g3 = t/(3v/3), whence the discriminant equals A =
g5 — 2793 = 1 — 2 and the j-invariant is j = 1728¢g5 /A = 1728/(1 — t?). As the
j-invariant is nowhere constant, the family is not trivial near any point in C.

Now take away the line at infinity, (z = 0) C P2, to obtain the family of

punctured cubics

t
X’:{y2—4x3+x+ﬁ=0}g<c?x<c.

With g = y? — 423 + 2 + 3’5% one verifies easily the identity

(1—t )%Jr( ftx—l)a—ng y(18z —3\ft) = (18z — 3v/3t)g

whence the vector field

D:@+ 1 ((Gx —ftx—1)§+2 (182 — 3v/3t) y)

is analytic on X’ over {A # 0} = C\ {£1} and lifts there 9/0¢. Thus locally
the family is analytically trivial over C \ {£1}. Note that no local trivialization
can include either point ¢ = 41, the fibres there are nodal cubics that are already
topologically different from the other fibres.

The indicated vectorfield D is algebraic, but its integral exp((T' — t)D) is defi-
nitely not. Indeed, there cannot be an algebraic trivialization, that is one given by
rational functions, over any open subset of C: Such a trivialization would induce
isomorphisms between the rational function fields of the smooth fibres, but their
isomorphism types are distinguished precisely by the j-invariant! The following
pictures show part of the real points of X’ over —1 <t < 1 and the vector field D
on that surface.
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2.2. An application: Contact equivalence of mapping germs

In this section we consider the question when two functions, or, more generally,
two r-tuples of functions, define isomorphic germs of complex spaces. The corre-
sponding equivalence relation is called contact equivalence and was first introduced
and studied by Mather in a series of remarkable papers, [Math]. The main result
here is 2.2.2 that gives a sufficient criterion for the contact equivalence of mapping
germs in terms of their Jacobian modules. Specializing to hypersurface singulari-
ties, one is led to the notion of finite determinacy of the germ of a function up to
contact equivalence. After treating the sufficient criterion by Mather-Tougeron 77
for k-determinacy in 2.2.5, we prove in 2.2.9 that isolated hypersurface singularities
are finitely determined, the colength of the Jacobian ideal giving a coarse upper
bound for the determinacy, 2.2.6(2).

DEFINITION 2.2.1 (Mather). Two r-tuples f, fe O  of holomorphic func-

tions with f(0) = £(0) = 0 are called contact equivalent if the zero sets
X:={fi==/f=0} and Y={fi,=-=f =0}
define isomorphic germs of analytic spaces.
Equivalently there is an analytic isomorphism ¢ : (CV,0) — (CV,0) such that
fop=¢f

for some invertible r x r-matrix of holomorphic functions € = (g;5)i<ij<r. To
indicate that equivalent tuples have isomorphic vanishing sets, this relation is also
called V-equivalence in [?], [AVGL]; whereas in [?] it is named K-equivalence.

The next theorem, due to Mather, see [?], is the central result of this section.
It uses the notion of the Jacobian ideal as introduced in 2.1.8.

THEOREM 2.2.2. Let (Xo,0) C (CV,0) be a germ defined by f1, ..., fr € Ocn .
Assume that g1,...,g- € Ocn o are functions such that

ZgQO(TCN,O +mjac(g) Cm (Z foOCn o+ mjac(f)>
o=1 o=1

where m C Oc¢n o is the mazimal ideal. Then the r-tuples f and f + g are con-
tact equivalent, the germ (Xo,0) is isomorphic to the germ (X1,0) defined by the
equations f,+ g, =0, 1< o <r, in (CV,0).

PRrROOF. The stated condition implies first of all that g,(0) =0 for 1 < p < r.
Now consider the functions F(x,t) := f,(z) + tg,(z) on CV x S where t is the
coordinate on S := C. Let X C CV x C be the set of zeros of Fi,...,F,. As
F(0,t) = 0, there is some open neighbourhood of {0} x C in which X is a closed
subspace defined by the ideal sheaf J = (F},..., F,). Denote by X, := 7~ !(7) the
fibre over 7 € C. We will show that the map germ

m:(X,(0,7)) — (C,7)

given by the projection onto the last factor is trivial along 0 x (C,7) for every
7 € C in the following sense: on a neighbourhood of (0, 7) there is an isomorphism
®: X — X, xCover (C,7) that preserves 0 x C. In particular, for each 7 € C,
one gets (X,/,0) = (X,,0) for all 7’ in a neighbourhood of 7, whence all r-tuples
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F(x,7) are contact equivalent, especially those at 7 = 0 and at 7 = 1. For the
existence of @, it suffices by 2.1.10 to show that

(1) g=(0F1/0t,...,0F,[0t) € M (F) = FyOfns1 g +mjacs(F)o,r) -
o
Obviously (1) is implied by
(2) Mo (F) = Mo (fc) ==Y foOfns1 0.1y + mijac(f)Ocn+1,o,r)
o

as g is contained in the right hand side of (2). To prove (2), observe that the
r-tuples

or  of g
0z 0z 0z’
are in the submodule mM. (fc) by assumption. These equations state that M. (fc)

is contained in M. (F') + mM,(fc), but then M, (F) and M, (fc) are already equal
by the lemma of Nakayama. O

F—f=tg and z,(

)= z,t

1<v <N,

In applications, conditions stronger than the stated one are often satisfied, for
instance, (g) C m(f). For germs of functions, that is in the special case r = 1, the
theorem reads as follows.

COROLLARY 2.2.3. If f,g € Ocn o are functions such that

(g) + mjac(g) C fm + m?jac(f)
then g and g + h define isomorphic germs of hypersurfaces. O

As an elementary example consider the function f := 27 +---423%. Its Jacobian
ideal is just the maximal ideal m of O(cw oy and so for any g € m?, the functions f
and f + g define isomorphic singularities.

DEFINITION 2.2.4. A function f € O¢nw  is called k-determined (with respect
to contact equivalence) if for all g € m**1 the functions f and f + g are contact
equivalent. A function is said to be finitely determined if it is k-determined for
some k. The smallest such k is the degree of determinacy of f.

If f is k-determined then f is already determined by its so called k-jet
jkf = Z fuzua

veNN
vi+-+vNn<k

where Y f,2¥ is the Taylor series of f. In particular, a finitely determined function
is always contact equivalent to a polynomial and so defines an algebraic hypersurface
singularity.

COROLLARY 2.2.5 (Mather-Tougeron??). If f € Ocw  satisfies
mH Com ((f) + mjac(f))
then f is k-determined.

PROOF. If g € m**! then also (g) + mjac(g) € mF*1 whence the assertion
follows from 2.2.3. g
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REMARKS 2.2.6. (1) If f1, fo € Ocw o are contact equivalent then the analytic
algebras Oc~ o/(f1) and Ocw o/(f2) are isomorphic. In particular, the algebras
Ocn o/ jac®(f1) and Ocn o/ jac®(f2) are isomorphic, and so are O¢n~ o/ jac(f1) and
Ocn 0/ jac(f2).

The corresponding dimensions as C-vector spaces,
u(f) = dimcOcn o/ jac(f), the Milnor number of f

and
7(f) = dimcOcn o/ jac®(f), the Tyurina number of f

are important invariants of the singularity defined by f that are usually easier to
determine than the order of determinacy.
(2) Assume that f is of multiplicity at least k, that is f € m*. If the dimension

¢ = dimem* ! /m ((f) + mjac(f))

is finite then f is (k+¢)-determined. This follows from 2.2.5 as every O¢n~ o-module
of length ¢ is annihilated by m’. The example

fr=2 4 2+

shows that f is in general not k + ¢ — 1-determined. It can be shown however that
this is essentially the only example where m**1/m((f) + jac(f)) is of dimension ¢
but f is not k + ¢ — 1-determined.

(3) As a special case of 2.2.5 it follows that the germ {f = 0} is smooth in
a neighbourhood of 0 iff f is 1-determined. Clearly this is a reformulation of the
implicit function theorem.

(4) The condition in 2.2.3 is not necessary for f and f + g to be contact
equivalent, take for example f = g.

For a function that defines an isolated singularity and is a homogeneous poly-
nomial on CV in suitable coordinates, the degree of determinacy is easy to obtain.

PROPOSITION 2.2.7. Assume that (N —1)(d —2) > 2. If f € Clz1,...,2n] is
a homogeneous polynomial of degree d with isolated singularity at O then its degree
of determinacy equals N(d — 2).

PROOF. We begin by showing that f is N(d—2)-determined. The Euler identity
d-f= Zil 2;0f/0z; shows that f € mjac(f), and thus 3.1.6 yields the claim as
soon as we know that

(*) mN(d72)+1 C mzjac(f).
Consider first the special case of the polynomial f = z{+...+2%, whose Jacobi
ideal jac(f) is generated by the monomials zf_l, el zj‘(,_l. As every monomial of

degree N(d—2)+ 1 contains at least one factor of the form 24! and as N(d —2) +
1—(d—1)=(N—1)(d—2) > 2, we obtain (x) for this example.

Indeed a single example suffices to establish the general case: Consider the
family of all homogeneous polynomials of degree d in N variables,

F(z,s8):= Z sz

veNV
lv|=d
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defined on CVY x CF with k := (Nt?*l). Let U C C* denote the open subset
corresponding to all homogeneous polynomials that define an isolated singularity.

Denoting by my C O¢n the ideal sheaf of the origin, the algebra
A= Ocn oy /Mm% (0F /021, ...,0F /0zy)

is a coherent graded sheaf of algebras over U. At every point s € U its fibre
A/my A is just the C-algebra Ocn o/m% jac(fs) where fy(z) := F(z,s). Using
Bezout’s theorem and the fact that the generators of jac( f;) form a regular sequence,
it follows that the dimension of this algebra is independent of s, given by

dimg Ocw o/miy jac(fs) = dime Ocw o/ jac(fs) + dimg jac(f) /my jac(fs)
=(d-1)Y+N+N?

As the dimension of the fibres is constant, A is flat over U by ??. But then each
homogeneous component of A, being a direct summand, is also flat over U and
its fibre dimension is the same at each point s € U. In particular, whether the
component in degree N(d — 2) 4+ 1 is zero can be checked at a special point of U
— and that is just what we did. Thus assertion () holds in general and N(d — 2)-
determinacy follows.

Applying the same reasoning to the algebra

B := Ocnyy/(0F/0z1,...,0F/0zN)

it follows that for every homogeneous polynomial with isolated singularity at the
origin there is a homogeneous polynomial of degree N(d — 2) that is not in the
Jacobi ideal of F. This fact alone suffices to prove that f is not N(d —2) — 1
determined as we will see in a moment, 77 below. O

Although not essential to the proof, let us point out that a polynomial of degree
N(d—2) outside of jac(f) can be obtained directly: If f is a homogeneous polyno-

mial that defines an isolated singularity, its Hessian H(f) = ( 6323"2_) generates the
i0Zj

socle of Clz1, ..., zn]/jac(f). The next result shows in particular that f+ H(f) is
not contact equivalent to f as long as deg f # degH (f).

LEMMA 2.2.8. Let f and g be homogeneous polynomials in Clzy,...,zn]. If f
and g are of different positive degree, if f defines an isolated singularity and if g
is not in jac(f), no polynomial f + tg with t # 0 is contact equivalent to f. More
precisely, the Tyurina numbers, 2.2.6(1), satisfy

T(f)>7(f+tg) for t#0.

PRrOOF. The last claim implies the first by 2.2.6(1). Observe that f + tg and
f + t'g are contact equivalent if tt' # 0: Indeed, with ¢ = (¢//t)"/*~9 one has
(f +tg)(cz1,...,can) = c(f +t'g)(z1,...,2n). In particular, the Tyurina number
is constant outside of ¢ = 0 and we have to show that it jumps up at the origin.
Now look at the family F(z,t) = f(z) 4+ tg(z) over S = C with coordinate ¢t. The
C[t]-module M = Clz1, ..., 2N, t]/jact(F) has as its fibre at t = s € C the C-vector
space Clz1, ..., zn]/jac’(f 4+ sg) whose dimension equals 7(f + sg). To establish
that 7(f 4 sg) is larger at s = 0 than elsewhere, it suffices now to show that M is
a finite C[t]-module on which ¢ is a zero divisor, i.e. M is not flat at ¢t = 0.
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Using the Euler identity once for f and once for g, we find
N

Zzlg—f —dF = (df + ktg) — d(f +tg) = (k — d)tg .
i=1 '

By assumption, k —d # 0, whence tg is in jacg(F). But g itself is not in jacg(F), as
it is not even in jacg(F) + (t) = jac®(f)C|z1, ..., zn,t]. Thus t is a zero divisor on
M :=Clz,...,2n,t]/jacs(F). On the other hand, as f has an isolated singularity,
M/tM = Clzy,...,zn]/jac(f) is of finite C-dimension and so M is a finite C[t]-
module. ]

For low degrees and a small number of variables the preceding results give the
following.

(a) If f € C[X,Y, Z] is homogeneous of degree 3 with an isolated singularity at
0 then it is 3-determined,

(b) If f € C[X,Y] is homogeneous of degree 4 it is 4-determined.

To complement the discussion, observe that in the situation of 2.2.8, a polyno-
mial f+tg with d = deg f = deg ¢ is contact equivalent to f iff the two polynomials
are equivalent under the action of GL(d, C) by linear coordinate changes. Thus the
question of contact equivalence becomes that of the structure of orbits of this group
action.

We finish this section showing that a function f is finitely determined iff it
defines an isolated singularity. More precisely, the following holds.

PROPOSITION 2.2.9. Let f € Ocn o be a function with f(0) = 0. Then the
following conditions are equivalent:
(1) X ={f =0} has an isolated singularity at 0.
(2) f is finitely determined.
(3) Ocw o/ jact(f) is a finite dimensional C-vectorspace, that is the Tyurina
number T(f) is finite.

PRrROOF. The equivalence of (1) and (3) follows from the fact that the singular
locus of X is given by the ideal jac®(f). For the proof of the implication (3) = (2)
take k such that m* C jac®(f). As mjac®(f) C (f) + mjac(f) it follows that mF+!
is contained in (f) + mjac(f), and f is k + 1 determined by 2.2.5.

In order to prove (2) = (1) assume that f is k-determined and defined on the
neighbourhood U of 0. Applying 2.2.10 below to U\ {0} with oy = f and o; = z?“,
1 < j < N, gives that for each (ag,a,...,ay) € CN*1 outside a thin set A, the
zeros of

F:=ayf + Zajz;-”l
form a complex submanifold of U \ {0}. As there exists at least one tuple outside
A with ag # 0 we get that

k+1

(1/ag)F = f+ > (aj/on)2k*
has an isolated singularity at 0. By assumption this function is contact equivalent
to f and so f has an isolated singularity too. O

LEMMA 2.2.10. Let X be a complex manifold, L a line bundle on X and assume
that o, ...,on € H°(X, L)are sections without common zero. For a € CN*L set
O i= Zi[io a; 0. There is then a subset A C CNTL of Lebesque-measure 0 such
that for o € CN*L\ A the zero locus X, of 04 is smooth.
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PRroOF. Consider the set Z of zeros of o := Zﬁio T,o; in CN*t1 x X where
CN*! is equipped with coordinates Ty, ..., Tx. The second projection ps : Z — X
is smooth since over o; # 0 the set Z is given by the equation

o
T, = =T
’ Z g3 !
J#i
Hence Z is smooth and applying Sard’s theorem to p; : Z — CNT! gives the
result. O

REMARK 2.2.11. In the algebraic case the Lemma even holds with A a Zariski
closed proper subset of CNV*1, see [Har, 111 10.7].

EXERCISE 2.2.12. (cf.[BKn, p.4]) (a) Generalize 2.2.7 to quasihomogeneous
polynomials: A polynomial f is quasihomogeneous if there exist rational numbers
w; > 0, the weights, such that f(c“iz,...,c"¥zy) = c?f(21,...,2y) for some d
and all ¢ € C\ {0}. By a theorem of K.Saito, ??, a powerseries f is quasihomoge-
neous in suitable coordinates and for suitable weights iff f € jac(f).

(b) Given natural numbers p,q,r greater than zero, show directly that the
polynomials f, = aP + y? + z" 4+ axyz are contact equivalent for all « € C\ {0} if
1,11
Lyliden

(¢) With the same condition on p,q,r as in (b), show that fy is not contact
equivalent to f, with « # 0.

(d) Discuss the remaining two cases (p,q,r) = (3,3,3) or (p,q,7) = (2,4,4).

EXERCISE 2.2.13. (The generalized Hessian) Let f € Ocn o be a function of
multiplicity at least two so that f € m? with m the maximal ideal of Oc¢w~ o. Un-
der these assumptions, jac(f) € m and consequently there is a matrix A(f) =
(aij)lgi’jSN of functions a5 € O(CN70 such that

of =
6zi = ;aijzj .

Show that det A(f) is well defined modulo jac(f) and that it generates the socle of
Ocn o/ jac(f) if f defines an isolated singularity at 0. What is its relation with the
Hessian in case that f is (quasi-)homogeneous?

2.3. Extensions of Complex Spaces

We introduce extensions of complex spaces by coherent modules. To study
such extensions, one fixes first the complex space to be extended, then the mod-
ule by which one extends. Correspondingly there are various types of morphisms
to be considered. After sorting out these notions, we introduce and characterize
trivial extensions. As a first classification we show how to construct all extensions
whose associated Jacobi map is injective. The crucial point is the interpretation of
any extension of Qk /5 by a coherent module as the Zariski-Jacobi sequence of a
suitable extension. As a corollary it follows that Stein manifolds admit only trivial
extensions. Finally we determine all infinitesimal automorphisms of an extension
and describe locally trivial extensions through 1-cocycles of vector fields.

A (first order) extension of a complex space X € Any is a closed embedding
X — X’ of complex spaces over ¥ such that the defining ideal Z = Ker(Ox: — Ox)
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is of square zero, Z? = 0. In that case, Z is naturally a coherent Oy = Ox//Z-
module. Note that the topological space underlying an extension is still X.

To study extensions, one eliminates first the usually complicated action of the
O x-automorphisms of Z, rigidifying the notion of extension as follows.

Given a complex space X over X and a coherent Ox-module M | an extension
of X by M over ¥ is a pair (i : X — X', u) where i : X — X’ is an extension of
complex spaces over X and

u:MiI:Ker(i*:OX/HOX)

is a fixed isomorphism of O x-modules.

A morphism of extensions over ¥ from (i : X — X’ u), an extension of X
by a coherent Ox-module M, to (j : Y — Y’), an extension of ¥ by a coherent
Oy-module N, is a pair of X-morphisms, f : X — Y and f’ : X’ — Y’, such that
the following diagram commutes

X X

fl f’lV
y L.y’

that is, jf = f’i. Often the morphism f : X — Y is given and then f’ is called a
lifting of f to the given extensions.

A morphism of extensions as just defined gives rise to the following diagram of
exact sequences of Og-modules on the topological space Y,

v *

O—»N—»Oy:#(’)y—»o

|

0— M IY f00 Z0 fox

where ¢ is an Oy-homomorphism and f’*, f* are Ox-algebra morphisms. In most
cases we will encounter, the morphism f will be finite. In that case the exact
sequence on the bottom can be extended by a zero at the right, f.M is a coherent
Oy-module and the diagram constitutes just a morphism of exact sequences of
coherent Oy/-modules, with the particular catch that the vertical morphisms in
the middle and at the right are morphisms of Ox-algebras.

Forgetting the actual extension, thus associating to an extension (X — X' u)
the Y-space X, defines a functor from the category Exs of all extensions to the
category Any of complex spaces over X,.

2.3.1. (Extensions of a fixed space) One denotes by Exx (X)) the category whose
objects are all extensions of a fixed space X over ¥ by a coherent Ox-module.
The morphisms of extensions of X are those morphisms of extensions that lift the
identity on X. Thus Exx(X) is not a full subcategory of Exys; but rather the fibre
over (the identity of) X in Any.

As all extensions of X share the same topological space X as base, a mor-
phism of extensions of X, say from (X — X{,u1) to (X — X}, ug) can simply be
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represented by a diagram of exact sequences of Og-modules on X,

0—> My —> Ox; — Ox — 0

e

0—> My —> Oy, — Ox — 0

where f' : X| — X} is the lift of the identity of X defining the morphism of
extensions of X, and ¢ is the uniquely induced homomorphism of coherent Ox-
modules.

The morphism f’ of extensions is an isomorphism iff f/ : X;{ — X} is an
isomorphism of complex spaces iff f* is an isomorphism of Oy-algebras iff the
associated Ox-linear map ¢ is an isomorphism of Ox-modules.

To abbreviate, we will simply say that X’ is an extension of X, if both the
embedding of X into X’ and the isomorphism from the coherent O x-module M to
the ideal defining X in X’ are understood or not relevant to the question at hand.

Associating to an extension of X by M that module and to a morphism of
extensions of X the induced Ox-linear map ¢ defines a functor

Exz(X) — Coh(X)
that will be investigated in detail later on, 77.

Our first object of study will be the fibre Exs (X, M) of this functor over (the
identity of) a given module M.

2.3.2. (Extensions of X by M) The category Exs (X, M) has as its objects
the extensions (X — X' u) of X over ¥ by M. A morphism in this category is
a morphism of extensions that induces the identity both on X and on M. Such
morphisms are necessarily isomorphisms. Extensions (X — Xji,u1) and (X —
X4, uz) of X by M over ¥ are M-isomorphic if there is a morphism between
them in Exs (X, M). To state it explicitly once more, this means that there is a
Y-morphism « : X] — X} such that the diagrams

X — X] M — Ker(Ox; — Ox)
A
X — X} M5 Ker(Ox; — Ox)

commute. We will simply talk about isomorphisms of such extensions, as long as
it is clear from the context that the induced automorphism on M , and also the
given map on X, is supposed to be the identity.

The set of M-isomorphism classes of extensions of X over ¥ by M is denoted
Exy (X, M). Abbreviating an extension (X — X' u) to X', its M-isomorphism
class is [X'] in Exy (X, M). In the absolute case, where ¥ is just a simple point,
we write Ex(X, M).

2.3.3 (The trivial extension). To every coherent Ox-module M there is asso-
ciated a trivial extension that we now describe. Let M be a coherent O x-module
and define on

OX [M] = OX x M
the multiplication
(a,m)(b,n) := (ab,an + bm)
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where a, b are local sections of Ox and m,n are local sections of M. The homo-
morphism a — (a,0) defines Ox[M)] as Ox-algebra. The ringed space

X[M] := (X,0x[M])

is isomorphic to the first infinitesimal neighbourhood of the zero section X —
V(M) in the linear space defined by M over X. In particular, X[M] is indeed a
complex space. The first projection, Ox[M] — Ox ; (a,m) — a, is an algebra
homomorphism and together with the identity on M it defines X[ M)] as the trivial
extension of X by M.

Regarding M as Ox[M]-module, the second projection Oxrq — M is an
O x-derivation.

Any extension isomorphic to X[M] is also called trivial and such extensions
are easily characterized.

LEMMA 2.3.4. For an extension (i: X — X', u) of X by M over X the following
conditions are equivalent.

(1) The extension X' is trivial.
(2) There is a X-derivation 6 : Ox» — M such that § o u = id .
(3) There is a B-morphism o: X' — X retracting i, that is, poi = idx.

ProOF. If X' = Ox|[M] is trivial, then the Ox-algebra isomorphism Ox- =
Oxam) composed with the projection O x(rq — M yields a ¥-derivation 6 : Ox/ —
M that induces the identity on M. Thus (1)=-(2). For (2) = (3), observe first that
the map id —uod: Ox: — Ox: is an Og-algebra homomorphism that vanishes on
M. Tt induces hence an Og-algebra homomorphism p*: Ox — Ox/ with p"i* =
ido,, —uod, whence a ¥-morphism ¢: X" — X. As i* ou = 0, one has

Fofit =¥ (idox, —wuo 5) =¢": 0x — Ox
and so i*p* = ido,. Finally assume that g is a retract of ¢ over ¥ as in (3). The
map (g,u) : Ox x M —— Ox- yields then an isomorphism of extensions, i.e. (3)
= (1). O
The equivalence of (1) and (3) can be reformulated thus: For any M, the set
Exx (X, M) contains only the class of the trivial extension.

2.3.5 (The Zariski-Jacobi sequence of an extension). The characterization of a
trivial extension through derivations in 2.3.4 (2) can be reformulated in terms of
the Zariski-Jacobi sequence associated to an extension. By definition, the ideal 7
defining an extension X — X' over ¥ by M satisfies T = Z/Z? = M, and thus
differentiation over X yields the following commutative diagram

0 - M Y Oy —> Ox — 0

o e
.jx//x

—_— Q%{'/Z ®OX/ OX —> Q%{/E —— O

()

where the top row is the exact sequence of Ox/-modules defining the closed em-
bedding X < X', the bottom row is the Zariski-Jacobi sequence of Ox-modules
associated to X — X’ — ¥, and d is the composition of the universal ¥-derivation
d: Ox/ — Q}(//z followed by the projection onto Q}(//z ®0,, Ox. In terms of this

diagram, 2.3.4 (2) says that X' is trivial iff the Jacobi map jx/,x = d o u admits
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an O x-linear retract: If r is such a retract, so that rjx,,x = ida, then § = rdisa
Y-derivation from X’ to M ‘with 6 ou = id, and, conversely, any such derivation
¢ factors uniquely through d, defining a retract 7.

If jx//x does not admit a retract, in which cases is it at least injective? The
answer to this question allows it in many cases to describe all extensions of X by
a given coherent module M. To begin with, we show how to construct extensions
starting from an O x-linear map onto Q‘lx/z.

LEMMA 2.3.6. Let X € Any be a complex space and d : Ox — Qﬁ(/x its

universal derivation. Given a morphism of coherent Ox-modules p: & — Qk/z,
the fibre product

/
)
Oxr — Ox

(3) ld/ ld

£ —5 Qyx
defines Ox: as an Ox-subalgebra of Ox[E]. If ¢ is surjective, then ¢’ realizes
X' = (X,0x/) as an analytic extension of X by M := kerp, furthermore & =
Q%{//z ®o,, Ox as Ox-extensions of Q%{/z by M, and d' becomes identified with

d.

PROOF. By definition Ox C Ox[€]. The product in OxI[€] of local sections
(f1,€e1), (f2,e2) from Ox is

(f1,e1)(fa, €2) = (f1f2, frea + faer)

which is again a local section in O as follows from the product rule

d(fif2) = frdfz + f2dfi = fip(e2) + fapler) = p(fie2 + faer)

As for trivial extensions, the projection ¢’ : Oy — Oy is an Og-algebra morphism,
d: Ox: — & is a Y-derivation and M = ker ¢ maps isomorphically onto ker(¢’),
a square zero ideal in Ox.. If ¢ is split surjective, then ¢’ admits a section and
Ox: =2 Ox|[M]. Now assume that ¢ is just surjective. The pullback ¢’ is then
surjective too and defines an extension of X as soon as (X, Ox/) is a complex space.
This is a local problem on X and we may therefore assume that X is embedded as
a closed analytic subset into a space Z which is smooth over ¥. As QJ, /s is locally
free on Z, pulling back the surjection ¢ along QIZ/E — Qﬁ(/z results locally in a
split epimorphism ¢: E— le ot Repeating the preceding construction for ¢ on Z
yields locally a trivial extension Oz = Oz[M)] that surjects onto Ox,. Thus Ox-
defines locally an analytic subspace of Z[M].

It remains to prove that & = Q%{//z ®o,, Ox as Ox-extensions of Qﬁc/z by M.
As £ is an Ox-module and the projection d’ : Ox: — £ is a X-derivation, there
exists a unique Ox-linear map h: Q%{//z ®oy, Ox — & with d' = ho d. The map
h fits by construction into the following diagram of O x-modules
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j ’
/“/1 Xy Oz ®o,, Ox — Qy/p —> 0

' H

0— M - & S Qg — 0

(4)

where the sequence on top is the Zariski-Jacobi sequence associated to the -
embedding X — X’. It follows that jx.,x is injective and then that h is bijective.
|

In view of the preceding construction, an O x-module extension of Qﬁ( /5 by M
pulls back along the universal derivation d: Ox — QX to an extension of X over
3 by M and the original module extension is in turn isomorphic to the associated
Zariski-Jacobi sequence. On the level of isomorphism classes this amounts to the
following result.

THEOREM 2.3.7. Let X be a complex space over ¥ and M a coherent Ox -
module. Pulling back along d : Ox — Q%{/z defines an injection

@ : Ext (Qﬁ(/z,/\/o < Exs(X, M)

whose image consists of the classes of those extensions X' for which the associated
Jacobi map jx:/x 1is injective. The map ® is bijective in the following cases:

(1) X is smooth over ¥ and M is arbitrary, or
(2) no local section of M has support in the singular locus of the structure
map X — X.

PROOF. Let
&) O—>M—>5—>Q§</E—>O

be an O x-module extension of Qk/z by M. Define the extension X’ as d*(£), the
pullback of the extension along d, so that Ox, := Ox Xal o £ as in Lemma 2.3.6.
This defines the map

d: Exth (Qﬁ(/z,./\/l) — Exyn (X, M)
(€] = [(X,0x)]

as X' depends up to isomorphisms of extensions only upon the class [£] of the
given extension. As the Ox-module extension (£) is up to an isomorphism of such
extensions the Zariski-Jacobi sequence of X — X’ — X, the map @ is injective and
its image consists of extensions whose Jacobi map is injective. Conversely, if the
Jacobi map of an extension is injective, the Zariski-Jacobi sequence constitutes an
Ox-module extension of Qﬁ( /5 by M that pulls back to the given extension via d
up to an M-isomorphism of extensions. Hence the image of ® is as claimed.

For the second part of the Theorem note that at every point x € X where
X — ¥ is smooth, the localized Zariski-Jacobi sequence

ix’/x)a

(
00— M, ——— Qﬁ(,/z ®0oy Ox,z — (Qk/z) —0

x
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is (split) exact by [Mat, 25.2]. The kernel of jx.,x is thus always concentrated on
the singular locus of X over . In the cases mentioned the Jacobi map jx/,x is
accordingly injective for every extension and the claim follows. O

For every complex space X over X and every Ox-module M there are natural
morphisms of groups

(5)  HY(X,0x/x ® M) = H'(X,Ders(Ox, M)) — BExt (2 /5, M)

each of which is an isomorphism in the smooth case. This remark, in conjunction
with the preceding Theorem and Theorem B, proves the following result.

COROLLARY 2.3.8. If X is a Stein manifold then every extension of X by a
coherent module is trivial. O

REMARKS 2.3.9. (1) The second case of the Theorem above occurs in par-
ticular if X — X is generically smooth on every component of X and M has no
Ox-torsion. In particular, if ¥ is a simple point, this is the case if X is reduced
and M is torsionfree.

(2) The extent to which @ fails to be surjective can be measured exactly, 77,
by means of the cotangent complex, see also 2.5.9 for a special case.

Next we describe the (infinitesimal) automorphisms of extensions. Let X',
or more precisely (X — X’ u), be some extension of X by M over X. The set
Autx/s(X') of all (infinitesimal) automorphisms of the extension consists of all
Y-automorphisms X’ — X’ for which the diagram () in 2.3.2 with X = X} =
X', u = u; = upz commutes. Composition defines a group structure on Aut x5 (X").

LEMMA 2.3.10. If (i: X — X', u) is an extension of X over ¥ by a coherent
Ox - module M, then there is a natural bijection

Autx/E(X/) i> Derz(@x,/\/{)

under which the composition of automorphisms is transformed into the sum of
derivations.

PROOF. Let a: X’ = X' be an automorphism of extensions. By definition, «

induces an algebra homomorphism a* : Ox: — Oxs with a*ou = v and *a* = i*.
Thus o* —ide,, factors uniquely through a map d, : Ox — M so that

Ox — 2+ M
I a*—ido, 1
Ox: L Oy

commutes. It is easy to verify that d, is in fact a X-derivation. Conversely, if
0:Ox — M is a Y-derivation then

a* =ido,, +uodoi*: Oxr — Ox:

is an algebra automorphism that defines an automorphism a in Auty,s(X’) with
0o = 0.

If 3: X’ — X' is a second automorphism of extensions, then (o* —ido,,) o
(B* —ido,,) = 0 as 3* —ido,, takes values in u(M) and (a* —ido,,)ou = 0.

*
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Accordingly,
a* B = (ido,, + o —ido,,)(ido,, + 8" —ido,,)
=ido,, + (a* —ido,,)+ (8" —ido,,)
=ido,, + udai" + udgi”
=ido,, +u(da + 0p)i"
and thus, by uniqueness of the corresponding derivation, g = 0o + d3. ([l

2.3.11. (Locally trivial extensions) In view of this result, one can describe ex-
plicitly the inclusion

(6) U: HY(X,Ders(Ox, M)) — Exs(X, M)
obtained by composing ® from 2.3.7 with the natural inclusion

H' (X, Ders(Ox, M)) — Extx (2 /5, M) .

A cohomology class in H'(X, Ders,(Ox, M)) can be represented through a Cech-
cocycle of M-valued vector fields (;; € Ders,(U; N Uj;, M)); ; with respect to an
open covering {U;} of X. According to the preceding Lemma, these derivations
define automorphisms a;; of the trivial extensions Oy,nu,[M|U; N U;]. Gluing
together the trivial extensions Oy, [M|U;] through these automorphisms «;; on the
intersections U; N U; yields an extension of X by M whose class in Exs (X, M)
is the image under ¥ of the given cohomology class. As any extension X’ that is
locally trivial can be obtained by gluing trivial extensions, the image of ¥ consists
precisely of the classes of locally trivial extensions. For any locally trivial extension,
the Jacobi map jx/,x is clearly injective and this reflects that ¥ factors through
.

2.4. The Module Structure on Extension Classes

In this section we establish the relevant functorial properties of the sets of
isomorphism classes of extensions. An essential tool is Schuster’s result that gives
the existence of certain fibred sums in the category of complex spaces. It implies
functoriality of extension classes with respect to finite morphisms. We then invoke
a rather general result on functors to show that each set of isomorphism classes of
extensions of X carries a natural I'(X, Ox )-module structure and that the functorial
maps are linear with respect to this structure. Finally we comment upon the
corresponding situation for germs of analytic spaces.

We first describe the functorial properties of Exy (X, M) with respect to M.

2.4.1. If (X — X', u) is an extension of X by M over ¥ and if ¢ : M — N is
a homomorphism of coherent O x-modules, the map

(u,—p): M — Ox: DN = Ox1n

embeds M as an ideal into Ox(x]. The quotient Ox.-algebra Oz := (Ox ®N)/M
fits into the commutative diagram

0—+ M -% Oy —> Ox —= 0

Pl

0—— N — 0z — O0x —0
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of Ox/-modules. By construction, the map Ox/ — Oz is a morphism of Ox-
algebras, the epimorphism Oz — Ox is a morphism of such algebras and the
inclusion N' — Ox, ® N provides a distinguished isomorphism onto the kernel.
Hence Z = (X, Oyz) is an extension of X by N over X, denoted by ¢, X"

The commutative diagram above defines not only ., X’ but also a morphism
fo + X" — X’ of extensions of X, 2.3.1. This morphism has the following
universal property: If (X «— X" v) is an extension of X over ¥ by A and if f :
X" — X’ is a morphism of extensions that induces the O x-linear map ¢ : M — N,
then there is a unique factorization f = « o f, where a : X" — ¢, X’ is an N-
isomorphism of extensions. As a consequence, @, transforms M-isomorphisms into
N-isomorphisms and defines a natural map

¢ Exy(X, M) — Ex5(X,N) .

Clearly ¢. (X|M]) = X|N].

If o : M — N and ¥ : N — P are homomorphisms of coherent Ox-modules,
and if X’ is an extension of X over ¥ by M, then (¢9).(X') = ¥.(p.(X")) as
extensions of X by P and thus

(77/}90)* = 1/)*@* EXE(X7M) - EXE(Xv P) .

2.4.2. With the same notations as above, assume that (X — X' ju) is a -
extension of X by M over X for which the Jacobi map jx-,x is injective. Asin 2.3.7,
the Zariski-Jacobi sequence of X — X’ — X constitutes then an O x-extension of
Qﬁ( /s by M from which the actual extension can be reconstructed, pulling back

the module extension via d : Ox — Qﬁ( /5 As pulling back an exact sequence
via a morphism on the right commutes with pushing out the exact sequence via
a morphism on the left, one may construct ¢, X’ by first pushing out the Zariski-
Jacobi sequence along ¢ : M — N and then pulling back along d. In particular,
X' is again an extension with injective Jacobi map.

If X’ happens to be a locally trivial extension by M, then clearly ¢, X’ is a
locally trivial extension by A/. Furthermore, if X’ is glued together through a 1-
Cech cocycle (0i5)ij of M-valued derivations on U; N U; as in 2.3.11, then ¢, X’
can be glued from trivial extensions via the 1-Cech cocycle of A'-valued derivations
(90 0i5)i;-

These remarks just mean that for every Ox-homomorphism ¢ : M — N
between coherent modules the diagram

H'(X, Ders(Ox, M)) — Extk (R 5, M) > Exs(X, M)
H' (X, Ders(Ox ,w))l Bxth (0 /5.9) l o l
H'(X, Ders(Ox, N)) — Extk(Q /s, N) —> Exz(X,N)
commutes.

Functoriality of Exy (X, M) with respect to X requires that certain fibred sums
exist in the category of complex spaces. Arbitrary fibred sums exist and can easily
be described in the category of all ringed spaces. First recall the construction for
topological spaces: If f : X — Y and g : X — X’ are continuous maps of topological
spaces, let Y/ be the quotient of the disjoint union Y U X’ modulo the equivalence
relation generated by f(z) ~ g(x) for x € X, and denote by f' : X' — Y/,
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g Y — Y’ the maps induced by the inclusions. Endowed with the quotient
topology Y represents the fibred sum, meaning that the diagram

x .y

gl g’l
X! f y!
satisfies the required universal property. To describe now the fibred sum of ringed
spaces set h=¢'f = flg: X = Y'.
LEMMA 2.4.3. Let

X =(X,R) L v =(v,5)

J

X/ _ (XI,R/)
be a diagram of ringed spaces. The ringed space

(Y, 8" = fi(R) Xn,(w) 9.(S))
represents the fibred sum Y Ilx X' in the category of ringed spaces.

PROOF. A commutative diagram of ringed spaces
f

|

X' Loz=(z1)
yields a unique map of topological spaces v: Y’ — Z such that a = ¢’ and
B =~f". The given ring homomorphism 7 — a,S = 7.g.(S) on Z defines on Y’ a
ring homomorphism 7~1(7") — ¢.(S). Analogously there is a ring homomorphism
v~ YT) — fL(R'). These morphisms fit into the commutative diagram of sheaves
of rings on Y’

Y HT) — 4.(S)

.

fi(RY) — h.(R)
that gives rise first to a unique induced morphism y~1(7) — &’ and then to a
unique morphism of ringed spaces (Y, S8’) — (Z,7). Thus (Y’,S’) represents the
fibred sum as claimed. O

If f, g are morphisms of complex spaces, the fibred sum Y’ in the category of
ringed spaces is the fibred sum in the category of complex spaces as soon as Y itself
is a complex space. This requires suitable (finiteness) restrictions on the maps f
and g. For our purposes the following result, due to Schuster[Schul], suffices.

PROPOSITION 2.4.4. If f: X — Y is finite and if g : X — X' is an extension of
X by a coherent Ox-module M, then the ringed space Y' :=Y lx X' is a complex
space and represents the fibred sum of f and g in the category of complex spaces.
Moreover, Y’ is an extension of Y by f.(M).

First we consider the case that Y is an open Stein subset of C¥.
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LEMMA 2.4.5. Assume in 2.4.4 thatY = U C CV is an open Stein subset. The
fibred sum U’ := U lx X' of ringed spaces is isomorphic to the trivial extension
Ulg«M]. In particular, U’ is a complex space.

PROOF. Assume f has component functions fi,..., fn. As f is finite, X is
Stein along with Y and in the exact cohomology sequence associated to the exten-
sion X',

-— H(X',0x/) —» H'(X,0x) > H'(X, M) — -+,
the module H'(X, M) vanishes by Theorem B. Thus the functions fi,..., fy can
be lifted to functions on X', say Fi,..., Fy, defining a lifting F : X’ — U of f.
As the underlying topological spaces of U’ and U are the same, the structure sheaf
Oy of the ringed space U’ = U Ilx X’ equals

Ovr = Ou X, (0x) [+«(Ox/)

by construction. This is an extension of Oy by f.(M) as the commutative diagram
of exact sequences

0—> fM—> 0 — > Oy —— 0

|

00— f*M - f*OX’ - f*OX — 0

shows. The map F' defines a morphism F*: Oy — f.(Ox/) and then a morphism
(1, F*): Oy — Opr. It follows that Oy = Oy[f«M] and this proves the lemma.
([l

PrROOF OF THE PROPOSITION: The problem is local in Y and so we may as-
sume that there is a closed embedding j : Y < U, where U C CV is an open Stein
subset. Consider the fibred sums U’ := U Ilx X' and Y’ := Y IIx X’ as ringed
spaces. We know by the previous lemma that U’ is a complex space. It is therefore
sufficient to show that Y’ is a closed subspace of U’ given by a coherent sheaf of
ideals. For this observe that there is a canonical map of sheafs on U’

Ovr = Ou X, (0x) [+(Ox/) — Oy = Oy X; (0y) [+«(Ox1)

which is surjective along with Oy — Oy and whose kernel is J = J x 0. As this
ideal sheaf is coherent as a Oy-module, and then also as a Oy-module, the result
follows. [l

In terms of extensions, the preceding result yields that Exs (X, M) is functorial
with respect to finite ¥-morphisms f: X — Y.

COROLLARY 2.4.6. Let f: X — Y be a finite X-morphism of complex spaces
and M a coherent Ox-module. For every extension i : X — X' of X by M
the fibred sum f. X' := Y lx X' defines an extension of Y by f.(M). Taking
isomorphism classes defines a map

f* . EXE(X,M) - EXE(Y7 f*M) .
The extension f. X' of Y is trivial iff [ factors throughi: X — X'.

If g: Y — Z is another finite X-morphism, then

gefro = () 1 Exs(X, M) — Exs(Z, g« fx M) .
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PROOF. The first claim was just established. By 2.3.4, the extension i’ : ¥ —
f+ X’ of Y is trivial iff ¢/ admits a retract. In view of the universal property of fibred
sums this is equivalent to the existence of a factorization of f over i. Associativity
of forming fibred sums yields the final claim, as

g (f+(X)=Z1y (Y Ix X') = Z1x X' = (9f)«(X")
O

REMARKS 2.4.7. (1) The reader may easily verify that for an Ox-linear map
@ : M — N of coherent Ox-modules the diagram

Exs (X, M) £+ Exs(Y; £.M)

so*l l(f*(w))*

Exs (X, N) L+ Exg (Y, f.N)

commutes.

(2) Assume given a finite map f: X — Y of complex spaces over ¥, a coherent
Ox-module M, and a coherent Oy-module N. An Oy-linear map v : f M — N
induces a map

(f>¢)* : EXE(XvM) - EXZ(KN)
by composing the natural maps
Exs (X, M) —— Exsg(Y, M) —2— Exg(V,N) .

2.4.8. (General structure of morphisms of extensions) Defined through a fibred
sum, f,X’ can also be characterized by a universal property. The construction
yields first of all a ¥-morphism of complex spaces ing : X’ — Y 1lx X' = f, X’ that
lifts f: X - Y. If now f' : X’ — Y’ is any Y-morphism to an extension Y’ of Y
by a coherent Oy-module A that lifts the given finite morphism f : X — Y over
Y, it induces an Oy-linear map ¢’ : N' — f, M. In view of the universal properties

of f, and ¢/, respectively, f’' factors uniquely through both canonical morphisms
X' — f.X"and oY’ — Y’ say

X! ! y!

]

fX e gy

and f is a f.M-isomorphism of extensions of Y over ¥. Conversely, any f, M-
isomorphism (3 : f, X' — ©LY’ of extensions of Y over X gives rise to a lifting of f
that induces ¢'.

Taking into account the description of infinitesimal automorphisms of exten-
sions in 2.3.10, it follows that given X’ and Y’ as before, there is either no lifting
of f inducing ¢’ or else these liftings are naturally parametrized by Ders (Y, f, M),
as they form a set on which these derivations act freely and transitively.

A particular nuisance, see 2.4.12 below, responsible for some of the heavy ma-
chinery later on, are those cases where there is no lifting of f = idx inducing a given
Ox-linear map ¢’. It is precisely this phenomenon that prevents the construction
of universal deformations allowing only for versal ones.
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2.4.9. Let X' be an extension of X by M whose associated Jacobi map jx/,x is
injective. If f : X — Y is a finite ¥-morphism, then the Zariski-Jacobi sequences for
Y <Y = f,X'— ¥ and for X — X’ — X are related through the commutative
diagram

.jY//Y
ML QL e QL 0

Y
jx’/x

0 — fM X 10Y o — Oy — 0

(7)

and this implies first that jy-,y is injective as well and secondly that the Zariski-
Jacobi sequence on top is the pullback of the Zariski-sequence on the bottom by
df*. In terms of extensions of modules, f induces thus the map

Je: Extﬁ((Qﬁ(/E,M) - EXt%/(Q;/za fxM)
obtained by first applying f. to an extension and then pulling back along df* :
Q%//Z — f*Qﬁf/E.
Assume now that X’ is a locally trivial extension. If f : X — Y is still
finite and y is any point in Y, choose for each of the finitely many points = €
/71 (y) a neighbourhood U, over which the extension is trivial. Shrinking these

neighbourhoods we may assume that they are disjoint. Now there exists an open
neighbourhood V of  in Y such that f~1(V) C U := Uzef-1(y) Uz and then

LNV = T] OvIMIU N (V)] = Oy[fM|V]
zef~1(y)

whence f, preserves locally trivial extensions. On the level of cocycles, this opera-
tion corresponds to the composition

fo: H(X, Ders;(Ox, M)) = H(Y, f.Ders;(Ox, M)) — H'(Y, Ders(Oy, f.M)

Again we can summarize these remarks as saying that
H'(X,Ds(Ox, M)) — Extl(Q 5, M) — Ex, (X, M)
® | | ;
H(Y, Ders(Oy, fuM) — Exth(Q} 5, M) > Ex, (Y, f. M)
constitutes a commutative diagram.

2.4.10. If ¥ — E is a morphism of complex spaces, any extension of X over ¥
is clearly also an extension of X over = by the same coherent module and there is
an associated forgetful map

EXE(X,M) — EXE(X,M)

for every coherent Ox-module M. These maps are natural with respect to finite
Y-morphisms X — Y and Ox-linear maps M — N.
If f: X =Y is a finite 3-morphism, we get in particular a sequence of maps

Exy (X, M) — Exs(X, M) L5 Exx (Y, f. M)

and, by 2.4.6, a class in Exs (X, M) maps to the trivial class in Exs (Y, f, M) iff it
is in the image of Exy (X, M).
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We ask the reader to similarly interpret the exact sequences
(9) EXt%{ (Qﬁ(/w M) — EXt%{ (Q}(/z:’ M) L, EXt%/ (Q%//» fiM)
and
(10)
H' (X, Dery (Ox, M)) —H"(X, Ders,(Ox, M) L H' (Y, Ders,(Oy, f.M))
for extensions whose Jacobi map is injective, resp. that are locally trivial.

Specializing now Schuster’s result on the existence of fibred sums to the case
where both maps are extensions, one gets the following property of the category
Ex5(X) of extensions of X.

COROLLARY 2.4.11. Fibred sums exist in the category Exs(X) of extensions of
X over ¥ and they are transformed into fibre products of coherent modules under
the natural functor Exs(X)°? — Coh(X).

PRrROOF. Let X{;, X1, X} be extensions of X by coherent Ox-modules Mg, M1, My
respectively. Given morphisms X)) — X7 and X — X of extensions of X over ¥,
we claim that X' = X{ Iy, Xj represents their fibred sum in Exs(X). By 2.4.4,
X' is a complex space over ¥ and the ¥-embeddings X — X! combine to give a
Y-embedding X — X’. To complete the proof, observe that the kernel of the map
of sheaves on X,

OX/ = OXi X@X(,) OXé — OX

is canonically isomorphic to M := M; X rq, Mo. O

On the level of isomorphism classes, we only can ascertain that the functor of
extension classes behaves well with respect to finite direct products.

LEMMA 2.4.12. The functor M — Exs (X, M) is compatible with finite direct
products.

PROOF. Let My, M5 be coherent O x-modules and let p; : M := M x My —
M; be the i-th projection. The claim is that the canonical map

D = (P1x, P2«) : Exs (X, My X M3) — Exs (X, M) x Exs (X, My)

is bijective. The preceding result shows that for given classes [X]] € Exx (X, M,)
the class of X' := X{ IIx X/ provides a pre-image.

To prove injectivity, assume that [X”] € Exs(X, M) is an element satisfying
pix([X"]) = [X]]. The natural morphisms of extensions p;, X" — X" composed
with the respective M;-isomorphism X/ — p;. X" define a unique M-isomorphism

X' = X! TIx X} — X", whence [X'] = [X"] in Exs (X, M). O

That the corresponding statement for fibred products is usually not true is due
to the following: Assume given Ox-linear maps ¢; : M; — My for i = 1,2 and
isomorphism classes [X]] € Exs(X, M;) with ¢;.[X]] = [Xo]. These data yield
canonical morphisms ¢;. X! — X! and the existence of some Mj-isomorphism of
extensions ¢1,X] = 9, X). But there is no assurance that such an isomorphism
can be lifted to either X/, and without that, one cannot form a fibred sum! Cases
where lifting of isomorphisms is possible will be presented later in ?7.

Coming back to positive results, for any coherent Ox-module M, the set
Exs (X, M) contains the class of the trivial extension X[M], thus these sets are
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never empty. This fact, together with the compatibility with direct products that
was just established, guarantees the existence of a natural I'(X, Ox )-module struc-
ture on the sets Exy (X, M), as the following general result shows.

PROPOSITION 2.4.13. Let F' : Coh(X) — Sets be a set valued functor on
the category of coherent Ox-modules Coh(X). Call such a functor non empty if
F(0) #0.

(1) Assume that F is non empty and compatible with finite direct products.
For every coherent Ox-module M the set F(M) carries then a natural
(X, Ox)-module structure such that for a morphism M — N of coherent
Ox -modules the induced map F(M) — F(N) is T'(X, Ox)-linear.

(2) If ¢ : F — F' is a natural transformation of set valued functors on
Coh(X) each of which is compatible with finite direct products and non
empty, then (M) : F(M) — F'(M) is I'(X, Ox)-linear for every M.

PROOF. Let M be a coherent Ox-module and let pi,ps : M x M — M be
the natural projections and adda: M x M — M be the addition map. Consider
the diagram

FIM) x F(M) ERREC) B s pm) FM) .

By assumption p = (F(p1), F((p2)) is bijective, which allows it to define a natural
addition map

addp(um) := F(addy) op™' : F(M) x F(M) — F(M) .

That add p(Aq) is commutative follows immediately from the corresponding property
of addaq. As F commutes with direct products, the diagonal map F'(0) — F(0) x
F(0) is bijective, and, as F'(0) is nonempty, this set contains precisely one element,
denoted by 0. Under the natural map F(0) — F(M) this yields a distinguished
element in F'(M). That this element is indeed the zero element, respectively that
the addition on F(M) is associative, these properties can be expressed through
commutativity of diagrams which in turn follows from the corresponding property
of add rq, again using that F' is compatible with direct products. In a similar way,
the action of I'(X, Ox) on M is given by a map

I'(X,0x) — Homyx (M, M) ,
that in turn defines by functoriality a map
I'(X,0x) — Homgets (F (M), F(M)) .

Checking again commutativity of the corresponding diagrams shows that this latter
map defines a natural I'( X, O x )-module structure on F'(M). Statement (2) follows
along the same lines. O

F(add )
_—

As the functor Exy (X, —) satisfies the hypotheses of the preceding proposition
we get the promised result.

COROLLARY 2.4.14. Let X be a complex space over X. For every coherent
Ox-module M the set Exs (X, M) carries a natural T'(X, Ox)-module structure
such that for any morphism M — N of coherent Ox-modules the induced map
Exs (X, M) — Exg(X,N) is T'(X, Ox)-linear. The zero element in Exx (X, M) is
the class of the trivial extension X[M]. O
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In view of 2.4.1 and the proofs of 2.4.12, resp. of 2.4.13, the T'(X, Ox )-module
structure is quite explicit. If addas : M x M — M is again addition on M and if
hs : M — M denotes multiplication with a section s € I'(X, Ox) on M, then

(11) [X1] + [X3] = (addm)«[X] TTx X3
(12) s[X1] = (hs)«[X1]
The module structure allows more succinct formulations of earlier results.

COROLLARY 2.4.15. Let M be a coherent Ox-module on a complex space X
over .. The inclusions

®: Exty ()5, M) — Exg(X, M) from 2.3.7
U: H'(X,Ders(Ox, M)) — Exs(X,M)  from 2.3.11

are functorial in M and thus T'(X, Ox)-linear.
For every finite X-morphism [ : X — Y the sequence of T'(X, Ox)-modules

Exy (X, M) — Exs(X, M) L5 Exg (Y, M)
1s exact and natural in M. O

PROOF. Indeed, 2.4.2 shows that ®: Extl (Q',—) — Exg(X,—), and anal-
ogously ¥, each define a natural transformation between functors that are non
empty and preserve direct products. The last assertion follows from 2.4.7 and the
naturality of the maps in the sequence. ([

Finally we comment upon extensions of germs of analytic spaces.

2.4.16. Let k — A be a homomorphism of rings. An extension (p: A" — A, u)
of A over k by some A-module M is a surjection of k-algebras p : A’ — A such that
the ideal I = Kerp C A’ is of square zero and u : M — I is a fixed isomorphism of
A-modules. In complete analogy to the previous section one defines first morphisms
of extensions, then morphisms of extensions of A, finally M-morphisms of extensions
of A over k by M.

If A is a local ring with unique maximal ideal my4, then a k-algebra A’ that
extends A is necessarily local as well with unique maximal ideal m’y = p~1(my).

If A is a noetherian ring and M is a finite A-module, then A’ is again noetherian.

In the cases of interest to us, k — A will be a morphism of analytic algebras (in

of A by analytic algebras A’, denoting by Exy (A, M) the M-isomorphism classes of
such extensions of A over k by a fixed finite module M. Analytic algebras are local
and we usually think of A as the local ring Og of a germ (S, 0) of some analytic
space, the base ring k representing the local ring of a germ (3,0) — base points
will indiscriminately be denoted by 0 as long as no confusion seems possible. In
this geometric interpretation, all considerations in the present or preceding section
carry over, replacing spaces by germs throughout.

If (S,0) is an analytic germ corresponding to the analytic algebra A, we write
(S’, 0) for the formal germ at 0 whose local ring is (’)370 := A, the complete local
ring that is the m4-adic completion of A. More generally, if R is just a complete
local noetherian k-algebra, we also think of it as the local ring of some formal germ
(T,0), even if that germ is just a point.

To summarize the salient points from sect. 1.3 for analytic algebras:
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(1) An analytic germ (.5, 0) over (X,0) together with a finite Og g-module M
determines the set Exy, ¢(Og,0, M) of M-isomorphism classes of (S, 0) over
(3,0) by M.

(2) An analytic germ (S5,0) over (X,0) together with a finite Og -module
M determines a trivial extension Ogo[M] and trivial extensions can be
characterized as in 2.3.4.

(3) For every analytic germ (S5,0) over (X£,0) and a finite Og-module M
there is a canonical inclusion

P . EXtéS,O (Q}G/Z,Ov M) — EXS,O(OS,Oa M)

where Q}?/z,o is the Og g-module of differentials. The image of ® is the set
of classes of those extensions whose associated Jacobi map js/ 5,0 : M —
Q.ls"/z,o ®04 , Os,0 is injective.

(4) If (S,0) is smooth over (X,0), then every extension of Qg by a finite
module is trivial. Using (2) above, this is indeed a reformulation of the
lifting property, 77, characterizing smooth algebras.

(5) For every extension (S’,0) of an analytic germ (.S, 0) over (X,0) by a finite
Ogp-module M, the group of infinitesimal automorphisms is isomorphic

to D8T270(OS70, M) &~ Hom(s’o) (Q}S'/E,O’ M)

2.4.17. Concerning the functoriality of extensions of germs, the crucial result
of Schuster that guarantees the existence of certain fibred sums carries over, indeed
the local version of 2.4.5 suffices.

Any Og p-homomorphism ¢ : M — N of finite modules induces a natural map

@y : Exx 0(O0s,0, M) — Exs 0(Os,0,N)

and a finite homomorphism f : (T,0) — (5,0) of analytic germs defines for every
finite Og p-module M a natural map

fe 1 Exs0(O0s,0, M) — Exs,0(Or,0, f«+ M)

where f,M is the Op-module obtained from M by restricting scalars along the
algebra morphism f* : Og9 — Or,. The statements 2.4.6-2.4.14 carry over mu-
tatis mutandis, and, in particular, Exx ¢(Og 0, M) is equipped with a natural Og o-
module structure, functorial in M.

2.4.18. If p: X — X is some complex space over ¥, and x € X some point,
we may localize in that point to pass to the germ (X, ) over (X, p(x)). As this
operation is exact, it preserves extensions and there are natural localization homo-
morphisms

EXE(O)(, M) — EXZ,p(x)(OX,Ia Mx)
of T'(X, Ox)-modules for every point € X and any coherent Ox-module M.

Reformulating Corollary 2.4.15 for germs, the map ¥ becomes obsolete, but in
return its image for a complex space X can be described by passing to the germs
(X,x) at each point € X. If X’ is a locally trivial extension of X by a coherent
Ox-module M as in 2.3.11, then its localization (X', z) at any point € X is trivial.
Conversely, if X’ is trivial at z € X, then it is trivial on an open neighbourhood of
x as any M-isomorphism with the trivial extension Ox ,[M,] is represented by
a corresponding isomorphism in a neighbourhood. Thus an extension X’ of X is
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locally trivial iff its localization at each point of X is trivial. In view of 2.4.15 and
2.3.11 this may be stated as follows.

COROLLARY 2.4.19. A coherent Ox-module M on a complezx space p: X — %
over X gives rise to an exact sequence of T'(X, Ox)-modules

0 — HY(X, Ders(Ox, M)) > Exs (X, M) 5 ] Exspo) (Ox.00 Mo)
x€eX

where loc denotes the product of the various localization maps. The sequence is

functorial in M. O

This result allows also for a quicker proof of the fact that the direct image of
a locally trivial extension is again so, see 2.4.9: An extension is locally trivial iff it
splits at each point and this last property is clearly preserved by finite maps.

2.4.20. The mg-adic topology on an extension Ogr g of Og induces the mg-
adic topology on Og o and completion is an exact functor on finite modules. There
are thus natural completion homomorphisms that are functorial in the finite Og -
module M,

EXZ’(](OS’(), M) i EXZ’O(OS’(], M)A—> Exﬁ],()(og,(]7 M) .

We will see in 2.5.7 below that for any analytic algebra A over k the A-modules
Exy, (A, M) are finite along with M and that Exg, ((Og ¢, M) is the completion of the
finite Ogp-module Exs ¢(Og,0,M). Accordingly, the first map above is injective
whereas the second one is bijective. As a consequence, an extension of analytic
germs is trivial iff its formal completion is trivial.

Given an analytic germ (S, 0) over (X,0) and a finite Og ¢-module M, comple-
tion yields an isomorphism of Og -modules

Ders, o(Os,0, M) = Derg, ((Og o, M)

and thus, by 2.3.10, an isomorphism of groups

Aut(s,0)/(2.0) (8, 0)) = Autt g )50, ((5,0))

for any extension S’ of S by M.

2.5. Extension Classes and Closed Embeddings

2.5.1. We now apply the general results on extensions to the case of a closed
embedding i : X — Y over X. If 7 is the ideal in Oy defining X, then the closed
subscheme X; := (X, Oy /Z?) of Y is the first infinitesimal neighbourhood of X in
Y. It represents an extension of X over Y by the conormal module Z/Z? = i*(Z),

(13) 0—T/I* - Oy/T?> - Ox —0.

If X — X' is any extension over Y by M, then i, X’ = Y[i,M]| by 2.4.6,
and the natural morphism X’ — 7, X’ embeds X’ as a closed subspace into that
trivial extension of Y. For this reason one calls Exy (X, M) the module of classes
of (Y)-embedded extensions of X by M.

The first infinitesimal neighbourhood X; of X in Y induces every other exten-
sion of X over Y in a unique way. If namely (i : X < X', u) is an extension of X



44 2. VECTOR FIELDS AND EXTENSIONS

over Y by a coherent Ox-module M, and if 7: X’ — Y denotes the structure map
to Y, then 7i’ = ¢ by definition and 7 induces the Oy-linear map

- v ut
u N *T) : T = keri* T erd™ M .

As kers'™ is a square zero ideal, this map factors in turn uniquely through an

Ox-linear map ¢ : T/Z? — M. The corresponding commutative diagram of Oy-

modules

0 —> I/I° — Oy/I? —> Ox — 0

(*) lgp l‘r* mod Z? H

00— M—" e Oy —— Ox — 0
shows that X’ = ¢, X;. As Dery (Ox, M) = 0 for every coherent O x-module M,
extensions of X over Y admit no infinitesimal automorphisms but the identity; two

extensions that are M-isomorphic are already equal. Thus we have the following
result.

LEMMA 2.5.2. For a closed embedding © : X — Y with defining ideal T, let
X — X7 be the first infinitesimal neighbourhood of X in'Y . Every extension of X
over'Y by a coherent Ox-module M is of the form p, X1 for a unique Ox-linear
map o : )I?> — M. The resulting bijection

Homy (Z/I?, M) — Exy (X, M)
@ (o X]
is an isomorphism of T'(X, Ox)-modules that is functorial in M.

PROOF. Bijectivity has just been established. Functoriality in M follows from
functoriality of ¢ — @, see 2.4.1. By 2.4.14, the indicated map is thus I'(X, Ox)-
linear. (I

Aside from characterizing embedded extensions in terms of Ox-linear maps
from the conormal module, this result allows constructing extensions of X over X
by first embedding X into a suitable space Y, then inducing extensions of X over
Y from the first infinitesimal neighbourhood, and finally forgetting the embedding.
To pursue this aspect further, we first comment upon the case of a closed embedding
whose associated Jacobi map is injective.

2.5.3. Restricting to X the Zariski-Jacobi sequence for the embedding of the
first infinitesimal neighbourhood X; < Y over X,

ixi/vIX

(14) I*/T* ®oy, Ox Oy/p ®O0x 5 Q% x©0x — 0,

shows that the natural map 7 is an isomorphism as le/y(IQ) Cd(Z)ZT=0mod T.
Therefore the Zariski-Jacobi sequences for the Y-embeddings X <— Y, respectively
X < X are isomorphic sequences of O x-modules.

Now assume for the moment that the Jacobi map jy,y of the given embedding
is injective so that the Zariski-Jacobi sequence constitutes an O x-module extension

ix/y

(15) 0—I/I% == Qy )5 © Ox — Qx /5y = 0
of Q%{/z by Z/I?. Let 6 € Extﬁ((Qﬁ(/Z,I/ZQ) be the class of this Ox-module

extension. This class provides a second way to produce extensions of X over X
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from Ox-linear maps on Z/Z?: given such a map ¢ : Z/Z? — M, we can push out
0 along ¢ to obtain .0 € Ext(Qﬁ(/E, M). Pulling then back along d : Ox — Q%{/z
produces the extension d*,0 of X by M as in 2.3.6. Pulling back or pushing out
extensions commute, and because the Zariski-Jacobi sequences for X <— Y or for
X < X, are isomorphic, the extension d*f is Z/Z2-isomorphic to X;. Therefore
we get a commutative square

Hom (Z/2%, M) — %% Ext! (Q4 5, M)
[( )« X1]=()«d™0 l = 1 d=d"

Exy (X, M) — 25T | B (X, M)
of T'(X, Ox)-modules.

According to [?, X.125,Prop.5(b)], the upper map in this square is the con-
necting homomorphism obtained by applying Homx (—, M) to an exact sequence
of Ox-modules whose class is —#, for example the class of the Zariski-Jacobi se-
quence of X — Y over ¥, but with jx,y replaced by its opposite! The history of
this sign is rather fascinating and [SGA 41, C.D.p.265,269], [Del, App.], [SGA 4,
XVII.0.3] and [?] provide some of the major landmarks.

Now we come to the main result of this section. For any closed embedding
X < Y the isomorphism from Hom(Z/Z?, M) to Exy (X, M) composed with the
forgetful map Exy (X, M) — Exx (X, M) defines a map

§: Homy (Z/Z?, M) — Exg (X, M)
@ — [paXi]
that is functorial in M and thus is I'(X, Ox)-linear by 2.4.13(2). Asi: X — Y is
finite, there is also the I'(X, Ox)-linear map
Exs (X, M) 25 Exg(Y,i,M) |

and these maps fit together into an exact sequence — regardless of the injectivity
of jx,v, but that case dictates the choice of sign.

PROPOSITION 2.5.4. (The Kodaira-Spencer sequence for a closed embedding)
For every closed Y-embedding i : X — Y the sequence

M
(16) 0 —>HomX(Q§(/E,./\/l) — HomX(Q%,/E ® O0x, M) =4 Homx (Z/T%, M)

2 Exg (X, M) £ Exy(Y, i, M)
of T'(X, Ox)-modules is ervact where j™ is the M-dual of the Jacobi map
jX/Y ZI/IQ — Q%//E ®OY OX .

PROOF. The initial segment of the sequence is the M-dual of the exact se-
quence
(17) I/I2 A Q‘ly/z ®Ox — Q%{/z —0
whence exactness holds at the first three terms of (16).

In view of the definition of §, the last three terms of the sequence can be
identified with the sequence

Exy (X, M) — Exs (X, M) 25 Exg (Y, i, M)
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that is exact by 2.4.15.

It thus remains to verify exactness at Homx(Z/Z?, M). As i,M.Z = 0, a
derivation Oy — i, M factors uniquely through a derivation Oy /Z? — i, M. If
S HomX(Q%,/2 ® Ox,i.M) = Ders(Ox,, M) is such a derivation, then j™ ()

equals the composition Z/Z? — Oy /T? M. According to the definition of ¢ and
the construction in 2.4.1, the class of §(—j™ (1)) is represented by the extension X’
with Ox: = Ox, [M]/(Z/T?) where Z/Z? is embedded as an ideal into Ox, [M] via
the map

(in1,jM(9)): T/I? — Ox,[M] = Ox, x M .

Now consider the map V : Ox, [M] — M with V(f,m) = m — J(f) for local
sections f in Ox,, resp. m in M. It is a 3-derivation that vanishes on the image
of Z/T? and so it induces a derivation V : Ox, — M with W\M = id . Thus the
extension X’ is trivial by 2.3.4.

Conversely, assume that [¢.X;] = J(p) is the trivial extension class for some
¢ € Homx (Z/Z?, M). With X’ = ¢,X;, there is then a ¥-derivation Ox: — M
that is the identity on M. Composing this map with Ox, — Ox- gives a X-
derivation Ox, — M whose restriction to Z/Z? is just ¢. O

REMARK 2.5.5. In terms of extensions, the map
—jM : Ders (Oy, M) —— Homy (Z/T?, M) = Exy (X, M)

can be interpreted as follows. If ¢ : Oy — M is a X-derivation then 1 4+ ¢ : Oy —
Oy [M] is a morphism of Og-algebras. Denoting by 1+ ¢ also the associated map
Y[M] — Y, the fibre product

Xy — X
.
yimM 2y

defines an extension Xy of X over Y by M. In fact, Ox, is by construction
isomorphic to the quotient of Oy x4 modulo the ideal Z embedded via 1 + 1 into
Oy{my; or, equivalently, the quotient of Ox,rq modulo the ideal (1 + 9)(Z/1?).
But this means that Ox, can also be obtained as the fibered sum in the diagram

I/I* — Ox,

ol ]

M — Oy,

and so Xy is isomorphic to the extension associated to —j™ (1), X; as claimed.

This description shows also clearly why 6 o j™ = 0: Forgetting the embedding
into Y[i.M], or, equivalently, the structure map to Y, the X-extension Xy of X is
isomorphic to the trivial extension X[M].

To view —j™ as constructing extensions of X over Y starting from an i, M-
valued vector field 9 on Y identifies it as the Kodaira-Spencer map associated to the
deformation theory of the closed embedding X < Y, as we will see in 77. Moreover,
the whole exact sequence will be interpreted as the Kodaira-Spencer sequence of
that deformation theory, whence the name attached to it here.
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A useful application of the Proposition above is obtained when Y is a Stein
manifold.

COROLLARY 2.5.6. If X — Y 1is a closed subspace of a Stein manifold Y given
by the ideal sheaf T C Oy, then

(18) Exs(X, M) = Coker (jM: Homx ()5, ® Ox, M) — HomX(I/IQ,/\/l)) .
PROOF. Indeed, Exs (Y, i, M) =0 by 2.3.8, and 2.5.4 gives the result. O

The preceding considerations apply to analytic algebras, once again replacing
spaces by germs throughout. If (S,0) — (X,0) is a morphism of analytic germs, it
factors, for a suitable n € N, into a closed embedding 7 : (S,0) — (7,0) = (C™ x
%, (0,0)) followed by the second projection pry : (T,0) — (%,0). As (T,0) is smooth
over (3,0), the module Exy ¢(Or,,%.M) vanishes for every finite Ogg-module
M. Thus the module of extensions of an analytic algebra admits the following
presentation.

COROLLARY 2.5.7. Let k — A be a morphism of analytic algebras and choose
an algebra epimorphism © : k{x} = k{x1,...,2n} — A. With I = Kerm and
jI/)I? — Q}C{x}/k ® A the associated Jacobi map, every finite A-module M gives
rise to an exact sequence
(19)
0 — Homa (2} /4, M) — Homa(Q} ) ,®A, M) — Homa (I/1%, M) % Exy(A, M) — 0

of A-modules. In particular Exi(A, M) is a finite A-module and passing to the
completion yields an isomorphism of finite A-modules

Ex; (4, MY = Ex; (4, M) .

PROOF. The exact sequence is just 2.5.4(16) rewritten for analytic algebras,
using that k{x} is smooth over k. As Exy(A, M) is represented as a quotient of the
finite A-module Hom 4 (I/I%, M) it is finite too. Tensoring the exact sequence of
finite modules with the completion map A — A results in an exact sequence that
is canomcally 1somorph1c to the correspondlng exact sequence for the morphism
# i k[x1,...,2,] — A and the finite A-module M. O

Specializing further, we obtain the following explicit description for hypersur-
face germs.

COROLLARY 2.5.8. Let (X,0) C (C™,0) be the germ of a hypersurface defined
by a function 0# g € Ocnypo and let M be a finite Ox o-module. With jac(g) =

(8%1, cel 6z ) C Ocn o the Jacobian ideal of g, one has
M 0
20 Ex(Ox.9, M) =
(20) x(Ox,0, M) = Facls )M[ag]
PROOF. Introducing coordinates z1, ..., z, on C™, the Zariski-Jacobi sequence

of (X,0) C (C™,0) is isomorphic to

n
i= 1521

- @OX’OdZZ‘ — Q%{,O — 0 5

i=1
where [dg] +— (g mod I?) € I/I? identifies the conormal module I/I? as a free
Ox o-module with canonical generator [dg]. Dualizing into M gives the result. O

(21) 0 — Ox 0[dg]
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Note that it is customary to suppress the canonical generator [dg], or its dual
[0/0g], from the notation. But it is sometimes useful to remember: for example, if
g is a homogeneous polynomial of degree d and if M is a graded module, [0/9yg] is
a helpful reminder that degrees in M have to be adjusted by —d to get the correct
degrees in the then graded module Ex(Ox o, M).

REMARK 2.5.9. Returning to a general closed embedding X — Y of complex
spaces, set J := Im(jx/y) C Q%,/E ®o, Ox, so that the sequence

0—J = Qyx ®o, Ox — Qx/x — 0

is exact. Dualizing into M one obtains a comparison map from the associated long
exact sequence of Ext(—, M)’s to the exact sequence 2.5.4(16) that involves the
map P from 2.3.7. The relevant piece of the resulting diagram with exact rows and
columns,

‘M
—JIx/v

- 2 Homy (Z/2%, M) ——+ Exsy (X, M)

Exs(Y, i, M)

] ]

Homy (J, M) — Extk(ﬂk/z,./\/l) — Ext%/(Q%,/EJ*M)

| | |

0 0 0

allows the following conclusions that are left as exercises:
If jx,v is injective, so that I/7% = J, then Imé C Im®x. If &y is an
isomorphism, cf. 2.4.15, then ®x fits into an exact sequence

0 — Exth (2% /5, M) 5 Exs (X, M) — Homx (K, M) — Ext (7, M)

where KC := Kerjx/y is the kernel of the Jacobi map. If Exxy(Y,i.M) = 0, then
the last term in this sequence can be identified with Extg((Qﬁf/27 M).

2.5.10. (Embeddings into Projective Space) If a complex space is embeddable
into a Stein manifold, the modules of extensions can be calculated using 2.5.6
above. If i : X C P" is a closed embedding into a complex projective space,
a new phenomenon occurs: the first Chern class of the embedding line bundle
L = i*Opn(1) creates an obstruction.

For simplicity, we restrict ourselves to the absolute case where ¥ is just a simple
point, suppressed as usual from the notation. If M is a coherent O x-module, then
2.3.7, 2.3.9 give isomorphisms

HY(P",0pn ® i, M) = Exthn (Qh, i, M) = Ex(P™,1,M) .

Identifying P* = P¢(V) as the projective space of hyperplanes in the (n + 1)-
dimensional complex vector space V, let

0— Qb — Opn(—1)@c V — Opn — 0
be the Euler sequence on P", see [Har, II. Thm.8.13].
Taking global sections, the connecting homomorphism H°(P", Ops) — H(P", Q1)

maps the constant function 1 to the first Chern class ¢ = ¢1(Op» (1)) of the hyper-
plane bundle Opn(1). The canonical isomorphism H'(P", Qf,.) = Ext!(Opn, QL)
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identifies then the first Chern class with the class [e] of the extension given by the
Euler sequence, see once again [Bou, X.126,Cor.1(a)].

Now apply Hompn (—,i,M) to the Euler sequence to obtain the relevant piece
of the associated long exact sequence

Extpn (Opn (—1)@¢cV, 1.M) — Exth, (Qbn,ix M) 5 Extd, (Opn, iz M) — Exti, (Opn (—1)@cV, 1,M)

in which the connecting homomorphism ~ maps a class £ to £ - [e], the product
being the usual Yoneda or cup product.

Denoting by V'V the dual vector space of V, and rewriting the terms as coho-
mology groups

(#%) Exthn (Opn(—1)@cV,1,M) = H (P" i, M(1))@c VY = H(X, MRL)Rc VY

it follows that the outer terms in the exact sequence will vanish as soon as L is
sufficiently ample with respect to M. In that case, the module of extensions of P™
by ..M becomes identified with H?(Ox, M) through the map corresponding to v,
that is through the cup product with the first Chern class c.

In summary we have thus the following result.

PROPOSITION 2.5.11. Leti: X C P™ be a closed embedding of a complex space
X with defining ideal T, and let L = i*Opn (1) denote the embedding line bundle.
If a coherent Ox-module M satisfies H (X, M ® L) = 0 for j = 1,2, then the
Kodaira-Spencer sequence for the given embedding and module takes the form

*jé\(/l/nm ix( )Uc

L Homy (Z/72, M) S Ex(X, M) 225 H2(04, M)
where ¢ is the first Chern class of the hyperplane bundle Opn (1). (]

At this stage we have no information about how obstructive the first Chern class
will be for general X as we can not yet continue the Kodaira-Spencer sequence
to the right. But if the Jacobi map of the embedding X < P™ is injective, we
may instead look at the long exact sequence obtained from applying Homx (—, M)
to the Zariski-Jacobi sequence, see 2.5.9 above. The classical example where the
obstruction occurred for the first time is a K 3-surface embedded as a quartic surface
in P3:

EXAMPLE 2.5.12. Let i : X < P3 be a reduced surface defined by a quartic
F € T'(P3,0ps(4)). The conormal module is then Z/Z? = Ox(—4) and the Jacobi
map jxps is injective. Furthermore, the canonical module is trivial, wx = Oy,
and Grothendieck-Serre duality, [Har], yields thus H?(X, M) = Homx (M, Ox )Y
for every coherent Ox-module M.

Note further that Ext?(Z/Z%, M) = HI(X, M(4)) for each integer j. Finally,
identifying Ex(X, M) = Ext% (2}, M) and applying Homy (—, M) to the Zariski-
Jacobi sequence, the module of classes of extensions of X by M appears in an exact
sequence

= HOX, M(4)) S Ex(X, M) 2 Homy (M, 0x)Y — 0

as soon as H7(X, M(1)) = 0 for j = 1,2. These conditions are satisfied for M =
Ox; and as Homx (Ox,Ox) = C, the first Chern class defines a surjection from
Ex(X,Ox) onto C, obstructing the embeddability of an extension into P3.
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The initial segment of the Kodaira-Spencer sequence in this case can be un-
derstood as follows. Homx (Q%,Ox) = aut(X) is the tangent Lie algebra of the
automorphism group of X, whereas

Homy (Qps ® Ox, Ox) = Homps (Qps, Ops) = pgl(4C)

represents the tangent Lie algebra of all automorphisms of P2. The Kodaira-Spencer
sequence becomes accordingly

0 — pgl(4,C)/aut(X) — H*(X,0x(4)) — Ex(X,0x) - C —0 .

Note that dimcpgl(4,C) = 15, and that H°(X,Ox(4)), the vector space of
quartic polynomials in four variables modulo the defining quartic F, is of dimension
34. Accordingly we find

dime Ex(X, Ox) = 1+ dimc H° (X, Ox (4) — dimcpgl (4, C) + dimeaut(X)
= 20 + dimcaut(X)

and dimcaut(X) is easily calculated: The Euler sequence for Q% shows that it
equals the dimension of linear relations among the partial derivatives g—i , 1 =
0,...,3. If X is smooth, those partial derivatives form a regular sequence and the
first nonzero relation occurs in degree 3, thus we obtain the classical result that a
smooth quartic in P? admits precisely a 20-dimensional vector space of extensions

Taking on the other hand a union of four planes in general position, so that
F = zpz12223 in corresponding homogeneous coordinates, then Z?:o aizig—i =0
iff Z?:o a; = 0. These are easily seen to be all linear relations and accordingly
there is a 23-dimensional vectorspace of extensions by the structure sheaf.

EXERCISE 2.5.13. Repeat the preceding discussion for a reduced hypersurface
X of degree d in P™ with n > 3.

(1) Show that Ext!(Q$.,Ox) = 0 unless d = 4,n = 3 and conclude that the
quartic surfaces are the only hypersurfaces for which the first Chern class
yields an effective obstruction for extensions by the structure sheaf.

(2) Conclude that except for d = 4,n = 3 one has

n+d

dim¢ Ex(X,Ox) = ( d

) — (n 4 1)* 4 dimcaut(X)
and that aut(X) = 0 for a smooth hypersurface of degree d > 3.

(3) For a nonsingular quadric, aut(X) = o(n+1,C) has dimension (n+ 1)n/2
and thus dim¢ Ex(X, Ox) = 0.

Finally consider the case of complex curves.

COROLLARY 2.5.14. Let C' be a compact Riemann surface and M a coherent
Oc-module M. If L is a very ample line bundle on C such that H (C,M ® L) =
0, then every extension of C by M can be induced from the first infinitesimal
neighbourhood of C in the projective embedding given by the complete linear series
P(HY(C,L)).

In particular, every extension of C' by a coherent module can be embedded into
some projective space.
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PRrROOF. As H'(C,—) vanishes on any coherent Oc-module for i > 1, the pre-
ceding proposition shows that the condition H'(C, M ® L) = 0 alone guarantees
already surjectivity of the map § : Home(Z/Z?, M) — Ex(C, M) where Z/Z? is
the conormal bundle of the projective embedding provided by £. The last assertion
follows as for every coherent module M there are plenty of very ample line bundles
such that the vanishing condition is satisfied. O

EXERCISE 2.5.15. The situation becomes particularly simple for the projective
line, C = P'. A coherent Op:-module decomposes into a direct sum of its torsion
submodule and copies of line bundles Op1(a) for various a € Z. Due to additivity,
it suffices to understand the extensions by those direct summands. Show that
Ex(P!, M) = 0 for a torsion sheaf and that

dime Ex(P!, Op1 (a)) = max(0, —a — 3) .

For a < —4, an extension of P! by Op1(a) can be embedded into P" as soon as n >
—a — 2. The extension is then induced from the first infinitesimal neighbourhood
of the rational normal curve i : P < P(H°(P1, Op1(n))).






CHAPTER 3

Formal deformation theories

3.1. Fibrations in Groupoids and Deformation Theories

In this section we will introduce the basic notion of a deformation theory.
For later purposes it is convenient to do this in a quite general setting. We will
illustrate these notions with the examples of deformations of complex spaces and
deformations of coherent modules. It is convenient to use the abstract language of
fibrations in categories and fibrations in groupoids which we will describe first.

DEFINITION 3.1.1. A fibration in categories is a functor
p:F—C

with the following properties:
FC1: For every morphism f : S’ — S in C and every object a in F over S,
i.c. p(a) = S, there is a morphism f : ' — a over f which is cartesian, i.e.
f satisfies the following universal property: For every morphism g: b — a
over f there is a unique morphism ¢’ : b — a’ over idg with f¢’ = g. In
other words, every diagram with solid arrows

S/
s
g a over H \ S
o A

can be completed as indicated by the dotted arrow.
(FC2): Compositions of cartesian morphisms are cartesian.

The category C will be often called the basis of the fibration. In the following
we will denote the objects of C by capital letters whereas the objects of F are
written in lower case. If a is an object of F over S, i.e. p(a) = S then we also often
write simply a — S (although this is not a morphism). If the morphism f ca —a
over f:S5" — S is cartesian then the object a’ is often denoted by a’ = a xg S’ or
also sometimes by f*(a). Since composition of cartesian morphisms are cartesian,
we have a canonical isomorphism

axgS"’ = (axg S/) xg S,

if " — S’ is further morphism in C.
The reader may easily verify that the axioms (FC1), (FC2) above are equivalent
to the following property:
(FC): Let f : S — S be a morphism in C and a € F an object over S.
Then there is a morphism f : @’ — a over f such that every diagram of

53
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solid arrows
b —— p(b)

\

ar——|— 5

! !
g ——— 5
can be completed with a unique morphism b — a’ as indicated by the
dotted arrow.

A standard example of fibration in groupoids is given by set valued functors.

EXAMPLE 3.1.2. Let F : C° — Sets be a functor. Then we can associate to F
a fibration p : F — C in the following way. The objects of F are pairs (5, a) with
a € F(S), and a morphism (S,a) — (T, b) consists in a morphism f : S — T with
F(f)(b) = a. Then obviously every morphism in F is cartesian, and the fibers F(S)
are just the sets F'(S) considered as a discrete category, i.e. the only morphisms are
the identities.

Conversely, given a fibration p : F — C in categories there is an associated
functor of isomorphism classes

[F]: C° — Sets,

where [F(S)] is the set of isomorphism classes of F(S). In this way fibrations
in categories and set valued functors are closely related. However, fibrations in
groupoids carry much more information, and they arise in a much more natural
way. Especially in deformation theory it will turn out that keeping track of the
automorphism of deformations will be very useful.

3.1.3. For a fibration of categories p : F — C one can form the fibers over an
object S in C by considering all objects a in F over S and all morphisms in F over
idg. These fibers will be denoted by F(S). Every morphism f : 5" — S induces a
so called inverse image functor f*F(S) — F(S’) by f*(a) := a xg S’. Clearly, if
g:S” — S is a further morphism then (fg)* = g* f*.

In the following it is also convenient to have the dual notion of cofibration:

DEFINITION 3.1.4. A functor p : F — C will be called a cofibration if the
functor of the opposite categories p® : F© — CP is a fibration.

Similarly as above, one can form the fibres F(S). In this case a morphism
f:8" — S induces dually a so called direct image functor f.:F(S") — F(S5).

There are many natural examples of such fibred categories in complex analysis.

EXAMPLES 3.1.5. (1) Let ¥ be a fixed complex space and let Mody, be the
category of all pair (S, M), where S — ¥ is a complex space over ¥ and M is an
Og-module. A morphism

(SvM) - (T,N)

in Mody, consists of a ¥-morphism f : S — T and a Og-linear map ¢ : f*(N) —
M. Then the functor

p:Mody —— Any  with (S,M)+— S
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is a fibration. For a morphism f : S — T and an Op-module A/ the usual pullback
F*(N) defines a cartesian morphism

(S, f*WN)) = (T'N) -

The fiber of the functor p over a complex space S is just Mod(S), the category of
Og-modules.

(2) Considering the full subcategory Cohy all (S, M) in Mody, for which M
is a coherent Og-module, gives a fibred category Cohy, — Any.

(3) Replacing sheaves of modules by sheaves of Og-algebras (and of course the
morphisms ¢ : f*N — M above by morphism of Og-algebras) we get a fibred
category Algs. — Ansy.

The most important examples for us are those arising in deformation theory.

EXAMPLES 3.1.6. (1) (Deformations of complex spaces). For a complex space
S € Any, consider as objects of F over S all flat morphisms X — S. If a = (X —
S),a’ = (X' — §’) are objects of F then a morphism ¢’ — a is a cartesian diagram

X — X

.

S — 5.
Observe that for a as above and f : 8" — S there is always a pullback a x g S’ given
by the usual fibre product X’ = X xg .5/, which is again flat over S’.

(2) (Deformations of modules). Let X — ¥ be a fixed morphism of complex
spaces. For a complex space S € Any, let F(.S) be the category of coherent Ox x5~
modules M which are flat over S. The morphism (T, N') — (S, M) are again pairs
of morphism f: 7T — S, ¢ : (1 xx f)" (M) — N, where f is a ¥-morphism and ¢
is an isomorphism.

A basic difference between the examples 3.1.5 and 3.1.6 is that for the latter ones
the fibers F(S) of the fibrations F — Any have only isomorphisms as morphism.

3.1.7. To investigate such fibrations recall first that a groupoid is a category
in which all morphisms are isomorphisms. A typical example is given by a G-set
X where G is a group acting on X: The objects are the elements of X, and the
morphism x; — x5 are the elements g € G transporting z; to x2, i.e. g -1 = x2.
In this case the set of isomorphism classes is the set of orbits X/G, and the set
of automorphism of x € X is the stabilizes subgroup G,. In general, up to an
equivalence of categories the structure of a groupoid G is determined by its set of
isomorphism classes [G] and by the family of groups Gz, a € [G], where G5 =
Aut(a) if @ is represented by a € G. Observe that for isomorphic objects a,b € G
the groups Aut(a) and Aut(b) are isomorphic.

With this terminology, the fibers F(S) in the examples 3.1.6 are groupoids.
Therefore it is convenient to introduce the following notation.

DEFINITION 3.1.8. A (co-)fibration of categories p : F — C is called a (co-
)fibration in groupoids if the fibers F(S) are all groupoids.

An equivalent characterization of such (co-)fibrations is that a morphism f :
a — b in F is an isomorphism iff p(f) is an isomorphism.
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As mentioned above the examples treated in 3.1.6 are fibrations in groupoids
whereas e.g. the fibred category of modules Mody — Any, see 3.1.5, is not fibred
in groupoids (since there are many homomorphism of modules over a fixed complex
space S which are not isomorphisms).

REMARK 3.1.9. In a fibration in groupoids p : F — C, every morphism a — b
in F is cartesian, i.e. a = b xp) p(a).

LEMMA 3.1.10. Let p: F — C be a fibration in groupoids. Let

ag — a1 Sop — 51
over
as S2
be a diagram in F, resp. C. Assume that the fibred sums a = a1 I, as and
S =51 g, Sy exist. Then the following hold.
(1) pla) =S
(2) If the diagram
ag — aq SO —_— Sl
l flJ maps to l f1
as ﬁ, b 52 i2> S

then there is an isomorphism b = a over idg.

PROOF. Let g; : a; — a be the canonical morphism into the sum and g; :=
p(g;) : Si — p(a). By the universal property of fibred sums there is a unique
morphism g = g111gs : S — p(a) inducing g; on S;. Consider a’ := g*(a) = Sxp(q)a.
Since the morphisms in F are cartesian the diagram of solid arrows

S

ap So

a g1 over

S g
Sz ——— p(a)

agp

g ————> a
g2

can be completed as indicated by the dotted arrows, where v is the canonical
morphism. By the universal property of a = a;11,,a9 there is a morphism w : a — a’
with vow = id,. On the other hand, by the universal property of S = p(a’) one has
p(w) o p(v) = idg. Hence p(u), p(w) are isomorphisms and so are u,v as p detects
isomorphisms. This proves (1).

In order to show (2) consider the morphism f = fl I fg :a — b. Applying p
and using (1) we obtain p(f) =fillfy: S — S. As f1 11 f5 is the identity on S (2)
follows. O

We will now introduce deformation theories which are our central objects of
study. To investigate deformations over extensions of complex spaces it is important
to know about the existence of certain fibred sums. More precisely the following
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DEFINITION 3.1.11 (Homogeneity). Let p : F — Any be a fibration in groupoids.
Then p is called a homogeneous fibration, or a deformation theory in brief, if the
following condition is satisfied:

(H): Let

a —— a S — 9
be a diagram over

b T
such that S — T is finite and S < S’ is an extension by a coherent
Og-module M. Then there exists the fibred sum &' := a’ I1,, b.

EXAMPLE 3.1.12. Schuster’s result 2.4.4 implies that the examples of 3.1.6 are
deformation theories.

We introduce a similar notation for functors.

DEFINITION 3.1.13. (1) Let G : Any — (Sets) be a functor and let g : F —
Any be the associated fibration in groupoids, see 3.1.2. Then G is called a homo-
geneous functor if g is homogeneous.

(2) A functor of isomorphism classes [F] associated to a deformation theory
p: F — Any is called the deformation functor underlying p.

REMARKS 3.1.14. (1) Let p : F — Angy be a deformation theory and [F] :
Any, — Sets be the associated functor of isomorphism classes. In general [F| is
not homogeneous as the example 3.1.15 below shows.

(2) In the literature also the somewhat weaker notion of semihomogeneity is
studied, see [Schu], [Rim]. A fibration in groupoids is called semihomogeneous if
the following two conditions — introduced by Schlessinger — are satisfied.

(S1a): In the situation of (H) in 3.1.11 the fibred sum a' II, b exists if
Sreqd — T is a closed embedding and S — S’ is a trivial extension by a
coherent Og-module.

(S1b): In the situation of (H), if S,cq < T is a closed embedding and
S — 5’ is any extensions then there is a commutative diagram

a — a S S’
T e |
b ¥ T T =TT

(where b’ is not necessarily the fibred sum).

As above, a functor G : F — (Sets) will be called semihomogeneous if the
associated groupoid is semihomogeneous. The reader may easily verify that for a
semihomogeneous fibration in groupoids p : F — Any the associated functor of
isomorphism classes [F] is again semihomogeneous. Since in all the applications
the semihomogeneous functors arise as deformation functors, i.e. as functors of iso-
morphism classes of homogeneous fibrations in groupoids, we will restrict ourselves
to the study of deformation theories as introduced above. In general, a deforma-
tion functor is not homogeneous as is seen by the subsequent example. However,
we will see later that for deformation theories with a certain automorphism lifting
property the associated functor is again homogeneous. The role of infinitesimal
automorphisms can be already seen in the following example.
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ExampLE 3.1.15. Consider the cocartesian diagram of complex spaces

T :=T[Ce] «—— S

]

T := ((C,O) — Sl

where S; is the fat point with Og, = C{s}/(s'™!). Here the map T — T[Ce] is
the canonical inclusion, and Sy — T[Ce] is given on the level of structure sheaves
C{t}e] — C{s}/(s®) by t — s, e+ s . Let X,Y C T’ x C be given by the
equations

2e
o f2 _ 2 _
where u denotes the coordinate function of the second factor of 7/ x C. Then X,Y
are flat 2-fold coverings of T”. Obviously X,Y are not T'-isomorphic since they are
even not isomorphic modulo ¢, i.e. when restricting to the double point {¢ = 0} in
T’. On the other hand, the families

X X T, Y X T

are T-isomorphic, since T is given by {¢ = 0}. The restrictions to Sy are given by

252
s -0

These spaces are Ss-isomorphic. In fact, after the coordinate transformation u =
u’'(1+ s) the space X X7 Sy is given by the equation

X xSy ={u?—s5=0} and Y xq Sy = {u?®+

252
(14 s)?
since u? = s/(1 + s)? and hence s?u’? = 0 mod s®. Thus the map (u, s) — (u(1 +
s), s) yields an isomorphism from Y xv So onto X X7/ Ss.

0=u?(145)* —s=u?+2su? + s%u/? —s =u? + — s,

3.2. The exact sequences of cofibrations in groupoids

Let S be a fixed complex space over ¥ € An. The aim of this section is to
derive the two basic exact sequences of deformation theory. For instance the first
main result implies the following proposition.

PROPOSITION 3.2.1. For every exact sequence of Og-modules 0 — M’ — M —
M" — 0 there is long exact sequence of T'(S, Og)-modules

0 —— Ders(0Og, M') —— Ders(Og, M) —— Derg(Og, M")
—%  Exs(S,M') — Exx (S, M) — Exs(S, M") .

Moreover, § is O-functorial.

We will derive this as a special case of theorem 3.2.2 below where we consider
the following situation.

Let p: G —— Coh(S) be a cofibration in groupoids and assume that G(0) =
{e} consists of one object with Mor(e) = {id.}. For a coherent Og-module M we
will denote by e[M] the object i.(e) where i : 0 — M is the zero map. Obviously
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for any morphism of coherent Os-modules ¢ : M — N we have @, (e[M]) = e|N].
By

Aut (e[M])
we denote the set of isomorphisms of e[M] in G(M), i.e. those lying over idr. By
the universal property of i, obviously

Aut (e[M]) = Homg (e, e[M]) .

The set of isomorphism classes of G(M) will be denoted by G(M), i.e. G(M) =
[G(M)] in our previous notation. The first main result of this section is the fol-
lowing theorem.

THEOREM 3.2.2. Assume that there exist fibred products in G. Then the fol-
lowing hold.

(1) For every coherent Og-module M the sets G(M) and Aut (e[M]) carry
natural Og-module structures such that M — G(M) and M +— Aut (e[M]) are
functors Coh(S) — Mod (I'(S, Og)).

(2) Let 0 - M - M — M” — 0 be an exact sequence of coherent Og-
modules. Then there is an induced natural exact sequence

0 —— Aut (e[M']) —— Aut (e[M]) —— Aut (e[ M"])
—s GM') — GM) — G(M") .
Before embarking on the proof of 3.2.2 we show how 3.2.1 follows.

3.2.3. Let Exx(S) be the category of extensions of S over ¥ (see 2.4.1) and
G := Exx(S)" —— Coh(S),

the natural functor associating to an extension (S — T,u) of S by the coherent
Og-module M the underlying module M € Coh(S). That this is a cofibration in
groupoids follows from the discussion in 2.4.1. Moreover, by 2.4.11 there are fibred
sums in Exx(S) or, equivalently, fibred products in Exx(S)Y. Using 2.3.9 we get
that Aut(S[M]) is canonically isomorphic to Dery(Og, M). By the definitions,
G(M) is just Exs (S, M). Applying 3.2.2 the proposition follows.

In order to show 3.2.2 we will proceed in a series of lemmata. For the existence
of natural I'(S, Og)-module structures on Aut(e[M]) and G(M) we will apply 2.4.4.
Therefore we must show that these functors are compatible with products. Let
p: G — Coh(S) be as in 3.2.2.

LEMMA 3.2.4. Let o1 : My — Mg and @2 : Mo — Mgy be homomorphisms of
coherent Og-modules and set M := My Xy, Ma. For an element g € G(M) let
gi be the induced element in G(M;). Then the natural map

Aut(g) — Aut(g1) X aut(go) Aut(gz)
is bijective.
PrOOF. The diagram

g > g1 M"Ml

l l over P2 ©®1

g2 —> 9o My 55 My
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in G is cartesian by the dual version of 3.1.10 (2). Thus, if «; : g; — g; are
morphisms over idg, with ag = @i«(a;), i = 1,2, then by the universal property
of the fibre product there is a unique morphism « : g — g with ¥, (o) = ;. This
proves the lemma. [

For the functor G of isomorphism classes of G we get a weaker statement.
LEMMA 3.2.5. The natural map
@i 1 GIM) —— G(M1) Xg(my) G(Ma)

given by w4 (g) = (p1x(9), w2x(g)) is surjective. Moreover, if Mg = 0 then this map
is even bijective.

PrOOF. That ¢, is surjective follows immediately from the existence of fibre
products in G. Now assume that My = 0. Then G(0) = {e}, and for g; € G(M,)
there is a unique morphism g; — e. On the other hand, if g € G(M) with p.(g) =
(g1, 92) then g is given as a fibre product

g =g X(al,a2) g2 — g2

l L

a
91 —— e

for some pair of morphisms (a1, as) € Hom(g;, e) x Hom(gs,e). This proves the
lemma. (]

COROLLARY 3.2.6. The sets Aut (e[M]) and G(M) carry natural T'(S,Og)-
module structures. Moreover, the functor

M —— Aut (e[M])

is left exact and
M — GM)

is half ezact.

PRrROOF. That the sets Aut (e[M]) and G(M) carry natural I'(S, Og)-module
structures, follows from 2.4.4, 3.2.4 and 3.2.5. Now assume that

0 M M M 0
is an exact sequence of Og-modules. Then M’ = M x ¢ 0 which implies that
Aut (e[M']) = Aut (e[M]) X aut(e[rrr]) Aut(e).

As Aut(e) = 0 this shows that Aut (e[M’]) is the kernel of the map Aut (e[M]) —
Aut (e[M"]). Similarly, the surjectivity of

GM') — G(M) xgamry G(0)
gives that G(M') — G(M) — G(M") is exact. O

Our next task is to define the connecting homomorphism ¢ in 3.2.2 (2). Let
0 M M —Ls M 0
be an exact sequence of Og-modules. We will define the functorial map

Aut (e[M"]) —2— G(M')
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by the following construction. First we observe that the canonical map
A= Aut (e[M"]) —— Mor (e[M], e[M"])

given by composing with the natural map e[q] : e[M] — e[M"] is bijective, since
G — Mod(S) is cofibred in groupoids. For a morphism « € A we set

5(0[) = [E[M] X aoe[q] 6] .
‘We will show:

LEMMA 3.2.7. (1) § is a homomorphism of T'(S, Og)-modules.
(2) 0 is O-functorial, i.e. functorial in morphisms of exact sequences.
(3) The sequence
Aut (e[M]) —— Aut (e[M"]) —2— G(M') — G(M)
15 exact.

PROOF. We remind the reader, that the 0-functoriality means that for every
commutative diagram

0 —— M ML M 0
| | I
0 —— N N —L 5 N7 0

with exact rows the induced diagram

Aut (e[M"]) —>— G(M)

l l

Aut (eN"]) —2— GN”)

is commutative. But this follows easily from the diagram

/\fW”]

e[M] X qoelq) € —— €[M]

>
H / o

e[N] X goefq) € ———— e[N],

e

where 3 := ¢ (a).
(1) is a consequence of (2) and 2.4.4 (2).
Next we will show that
Aut (e[M"]) —2— GM') —2— G(M)
is exact. Obviously the composition of these two maps is zero. Conversely, consider
[¢'] € G(M') with i.(¢') = e[M]. This means that there is a morphism « : ¢’ —
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e[M] over i. Composing with e[M] — e[M"] gives a morphism ¢’ — e[M"] lying
over the zero map. Thus it factors through e, and we get a commutative diagram

g —— eM]

! !

e —— e[M"].

By the dual version of 3.1.10 the diagram is cartesian, whence ¢’ = 6(«).

Finally we prove that

Aut (e[M]) — Aut (e[M"]) — G(M)
is exact. Assume that o = ¢.(8) for some 5 € Aut(e[M]), i.e. aoeq] = e[q] o B.
Then () is represented by e[M] X403 €. The morphism
B[M] Xe[gloB € = (B[M] Xelq] 6) X3 6[./\/” 2, B[M] Xelq] €

is lying over idpq and so is an isomorphism. As e[M] x4 € = e[M'] we get that
d(a) = 0.

Conversely, if a € Aut (e[M"]) is given with §(a)) = 0 then there is an isomor-
phism e[M] X oc[q € = e[M']. Taking i, gives an isomorphism 3 : e[M] — e[M].
It is easily seen that ¢.(3) = a. O

In the rest of this section we will derive the second important sequence of
deformation theory. It will be used in the next section to derive the so called
Kodaira Spencer sequence associated to deformation theories. We consider the

following setup. Let

Mod(S

be a morphism of cofibred groupoids over Mod(S ). We always assume that the
fibers

F(0) ={er},  G(0) = {ec}

are just the trivial categories. For M € Coh(S) we denote as above by
er[M]| resp. ea|M|

the objects i.(er), ix(eq), where i : 0 — M is the natural map. These constructions
are functorial in M. We define the kernel of o denoted by K = Kern(c) to be
the following subcategory of F: The objects of K are those objects a € F with
o(a) = eg[M] whee M := p(a). The morphism a —>— b in K over M 20 N
are those morphisms in F for which
ecIM] 2 egIN]

is the canonical map induced by p(a), i.e. o(a) = eg[p(a)]. Observe that K is not
in general a full subcategory of F!

Since o (ep[M]) = eg[M)] we have always erp[M] € K. In order to clarify the
notation we will write ex[M)] if we consider this as an element of K.

In this situation, the Kodaira Spencer map

d: Aut (eg[M]) — K(M)
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is given by associating to o € Aut (eg[M]), the class
§(a) := o (ep[M])] € K(M)
that fits into the following diagram
er — ep[M] — . (ep[M])

o]

(e

eq — eg[./\/l} E— SG[M]
whose squares are cocartesian.
With these notations we show the following result.

THEOREM 3.2.8. For every coherent Og-module M there is a natural exvact

sequence

0 — Aut (ex[M]) — Aut (ep[M]) — Aut(eg[M]) —>—

K(M) — F(M) — G(M).

PROOF. It is a direct consequence of the definitions that the composition of
any two consecutive maps in the above sequence is the zero map. That the sequence

0 — Aut (ex[M]) — Aut (ep[M]) — Aut (eg[M])
is exact, follows from the definition of Aut (ex[M]). The sequence
K(M) — F(M) —=— G(M)

is exact: for [a] € F(M), which is in the kernel of o, we have an isomorphism
¢ :o(a) 2 eg[M]. Since o is a cofibration there is an isomorphism a — o’ over ¢,
and then [a] € K (M) maps to [a] in F(M).

If §(a) = 0 then a,ep[M] = ep[M] in K(M), and the composition with the
canonical map ep[M] — a.ep[M] yields an automorphism of ep[M] in F over
a. Finally, if [b] € K(M) maps to zero in F(M) then there is an isomorphism
B :erp[M] — bin F. Applying o we get a cocartesian diagram

showing that b & a, (ep[M]). O

REMARK 3.2.9. Later on we will see that there are naturally defined cohomol-
ogy functors T§ 5,(M), i > 0, such that

(1) TSO/Z(M) = Dery(Og, M),

(2) Té/z(/\/l) =~ Exx (S, M),

(3) every exact sequence 0 — M’ — M — M” — 0 induces a long exact
cohomology sequence

0— TSO/E(M/) - Tg/z(M) - Tg/z(MH) - Té/E(M/) —
extending the exact sequence in 3.2.1.
We do not know whether one can also extend the exact sequence of 3.2.2 to an

exact cohomology sequence in a similar way, i.e. whether in the abstract setting of
3.2.2 one can define suitable right derived functors of M — Aut(e[M]) such that
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the first derived functor coincides with G(M). Similarly one can ask whether one
can extend the sequence 3.2.8 to the right.

3.3. Infinitesimal Extensions and the Kodaira-Spencer Sequence

We will now apply the results of the previous section to introduce two type of
extension modules associated to deformation theories. In particular we will study
the Kodaira Spencer map which is a special case of the sequence in 3.2.8 and
which is of fundamental importance. At the end of the section we will make the
Kodaira Spencer map more explicit for deformations of complex spaces and give a
homological description.

We start by introducing the category of extensions Exyx(a) of a given element
a of a deformation theory.

3.3.1. Let X be a fixed complex space and p : F — Any be a deformation the-
ory. For § € Any, a € F(S) and a coherent Og-module M we consider extensions
of a by M, i.e. pairs (a — b, u) such that the underlying morphism S — T := p(b)
is an extension of S by M, with a fixed isomorphism of Og-modules

M —2— Ker(Or — Og).
Now assume that M’ is another coherent Og-module and (a — ', u’) is an exten-
sion of a by M’. Then a morphism
(@ = byu) — (a—b,u)
consists in a morphism 3 : b — b’ making the diagram

a —— b

I b

a —— b

commutative. Obviously 3 : b — b induces a morphism of extensions p(3) : T —
T.

The extensions of a by coherent Og-modules M form a category Exs;(a), which
fibers over Exx(S5), the category of extensions of S by coherent Og-modules, see
??. This is indeed a fibration, since over a morphism

(T",u') —— (T,u)

of extensions of S by M’ resp. M and an object (a — b,u) there is always a
cartesian morphism over 7, namely (a < ~*(b),u’). Clearly @ morphism in Exs(a)
is an isomorphism iff the underlying morphism in Exy(S) is an isomorphism. Hence

Exs(a) — Exx(95)
is a fibration in groupoids. As we saw earlier, also
Exyx(S) — Coh(S)°
is a fibration in groupoids. Hence we get a commutative diagram of cofibrations

F := Exs(a)” — G := Exx(S5)°

N

Coh(S).
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We let K := Ker(F — G) be the kernel of the above functor, see 3.2.8. There
are the distinguished elements ep[M] in F resp. ex[M] in K which are obviously
represented by the trivial extension a[M] of a. Here by a[M] we denote in brief
the extension (a < a[M],ir) where iy is the canonical injection M — Og[M].
For a coherent Og-module M we set (using the notations of the previous sections)

Auts(a/S, M) := Autk (a[M)]), Autg(a, M) := Autg(a|M)]),
Exx(a/S,M) = K(M), Exs(a, M) := F(M).

3.3.2. More explicitly, these objects can be described as follows. An element of
Exx(a, M) is given by the isomorphism class of a pair (a < b, u), and two elements
(a = b,u) and (a — V', u’) are isomorphic iff there exists an isomorphism 3 : b — b’
compatible with the morphism a < b,a < b’ and such that

p(B) : T :=p(b) —— T" := p(b')

fits into a commutative diagram

/

0 M —— Opn Og 0
H [or |
0 M —— Op Og 0.

Moreover Auty(a, M) is the set of all such isomorphisms of the pair (a — a[M],ir)
into itself.

Similarly, the elements of Exys(a/S, M) are represented by pairs (a < b, i)
such that p(b) = S[M]. Moreover, two pairs (a — b,ir) and (a — b',ir) give
the same element in Exs(a/S, M) iff there is an isomorphism b — b inducing
the identity on p(b) = S[M] and compatible with the maps a — b and a — ¥b'.
The elements of Auty(a/S, M) are just all such isomorphisms of the pair (a —
a[M],ipm) into itself.

Applying 3.2.2 to the above diagram of cofibrations we get the following result.

THEOREM 3.3.3. (1) Exx(a) admits fibred direct products.

(2) The sets Autx(a, M), Auts(a/S, M), Exs(a, M) and Exs(a/S, M) carry
natural T'(S, Og)-module structures. Moreover, the Aut-modules are compatible with
fibred products and the Ex-modules with finite direct products.

(3) For every exact sequence of coherent Og-modules 0 - M’ - M — M" —
0 there are exact sequences of T'(S, Og)-modules

0— Autg(a, M')— Auts(a, M)— Auts(a, M")—
Exs(a, M")— Exx(a, M)— Exx(a, M").
and
0— Autg(a/S, M")— Auts(a/S, M)— Auts(a/S, M")—
Exs(a/S, M')— Exs(a/S, M)— Exs(a/S, M").
PRrOOF. By the homogeneity of p there are fibred sums in Exy;(a) and Exs(a/S),
or, equivalently, fibred products in the associated opposite categories. Moreover

Exx(a)(0) and Exx(a)(0) are just the trivial categories with the only object a.
Thus the result follows from 3.2.2. O

The next result is just a reformulation of 3.2.8. It is a basic exact sequence in
deformation theory and will play an important role in the following.
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THEOREM 3.3.4. The sequence

0— Autx(a/S, M)— Auty(a, M)— Ders(Og, M)
%5 Exs(a/S, M)— Exs (a, M)— Exx (S, M)

is natural in M € Coh(S) and ezact.

The connecting homomorphism §x g in the exact sequence above will be called
the Kodaira Spencer map. Because of its importance we give its explicit description
in terms of extensions.

3.3.5. Let ¥ : Og — M be a X-derivation and 1 — ¢ : Og — Og[M] be the
associated Os-algebra homomorphism. This gives a morphism again denoted by
1 -4 : S[M] — S retracting the inclusion S < S[M]. We set ay := a xg S[M],
i.e.

ay — a

L]

1-9

SIM] — S
is cartesian. By the construction of sect. 2.2. we have
5[(5(’[9) = [049] S EXE(CL/S,M) .

Another useful fact of these constructions is the compatibility with finite maps.
We know from 2.4.6 that for a finite morphism of ¥-spaces f : S — T there are
functorial maps

f* : EXZ(SvM) - EXE(Ta f*(M))
f« : Ders (S, M) —— Ders (T, f«(M).

These maps generalize to arbitrary deformation theories:

3.36. Let f:a—bbea morphism in F over f:S — T such that f is a finite
morphism of complex spaces. Then f induces a functor

f+ : Exs(a) — Exx(b)
via a’ — b = bll, d/. If ' is an extension of a by the coherent Og-module M
then ' is an extension of b by f.(M). It is easily seen from the associativity of
coproducts that f. commutes with fibred coproducts. Hence there are induced
maps also denoted by f,

fv : Bxs(a, M) —— BExg(b, f,(M))

fe s Auts(a, M) —— Auts (b, f(M).

They are functorial in M and therefore are I'(T, Or)-linear, see 2.4.13 (2). In a
similar way f gives maps
f* : Exz(a/va) - EXE(b/Tv f*(M))

fx t Auts(a/S, M) —— Auts(b/T, f.(M).

which by the same reason as above are I'(T, Or)-linear. These last two maps are
even isomorphisms. In fact, if f[M]: SIM] — T[f.(M)] is the map induced by f
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then taking the pullback gives maps
fIM]" - Exs (b/T, fi(M)) — Exs(a/S, M)
FfIM]* - Auts (b/T), fo(M)) —— Auts(a/S, M)

which are inverse to f*

These constructions are compatible with exact sequences in M, se 3.3.3, as
well with the Kodaira-Spencer sequence in 3.3.4. Moreover, if g : b — c is a further
morphism then g, o f, = (gf)*

As an example we compute the Kodaira-Spencer class of deformations of com-
plex spaces.

ProrosiTION 3.3.7. Let f : X — S be a flat morphism of complex spaces
which defines an object f of the groupoid defined in example 3.1.6 (1). Then for
M € Coh(S)

(1) Exs(f/S,M) 2 Exs (X, f*(M)).

(2) Auts(f/S, M) = Derg (Ox, f*(M)).

(3) Autx(f, M) is the set of all compatible derivations in

Dery(Og, M) X Ders(Ox, f*M).

PROOF. By definition an element of Exx(f/S, M) is given by a flat map f :
X' — S[M] which induces f over S — S[M)]. As f’ is flat the inverse image of the
exact sequence
0 — M —0Ogip) — 05 — 0
gives an exact sequence on X’

0—— f*(M) Ox/ Ox 0.

Thus X' is an S-extension of X by f*(M). Conversely, if X’ is an S-extension of
X by f*(M) then X’ may be considered as a space over S[M] in a natural way.
By the following lemma X’ is S[M]-flat which proves (1). The proofs of (2) and
(3) are easy consequences of 2.3.10 and left to the reader. (]

LEMMA 3.3.8. Let A be a ring and I C A be a nilpotent ideal. Then for any
A-module M the following are equivalent:

(1) M is A-flat.

(2) M/IM is A/I-flat, and the natural map I @ M — M is injective.

For a proof, see e.g. [Mat] (22.3), (1) & (3).

We will show how to compute the Kodaira-Spencer map for deformations f :
X — S of complex spaces which can be embedded in a diagram

Xc—'ey . =UxS
X‘ ‘%
S,

where ¢ is a closed embedding and U is some complex space. Recall that in this case
there is a canonical map 7 : Hom(J/J2, f*M) — Exg(X, f*M), where J C Oy
is the ideal sheaf of X in Y, see 2.5.1. Identifying Exg(X, f*M) with Exx(f/S, M)
by the preceding proposition we will give a more explicit description of the Kodaira
Spencer map

5}(5 : Derg((’)s, ./\/l) — EXS(X, f*./\/l)
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First we remark that by the product structure of Y = U xS there is a canonical map
Dery(Og, M) — Ders(Oy,piM). Composing furthermore with the surjection
psM — f*M gives a map denoted by Ay : Ders(Og, M) — Ders(Oy, f*M).
With these notations we get the following description.

PROPOSITION 3.3.9. For M € Coh(S) the diagram
Ders(Og, M) oxs Exg(X, f*M)

v Teon

Derz(@y, f*./\/l) L’ Hom(j/j27 f*M)
commutes.
PROOF. Let ¥ € Ders(Og, M) be a X-derivation. By definition of the Kodaira-

Spencer map g/ s(v) is represented by Xy where Xy is the fibre product in the
first of the diagrams

Xy — X Xy — X
9 _
sM] 0 s YifrMm] MOy
This implies that the second of these diagrams is cartesian too. Now the claim
follows from 2.5.4. O

Another case where we can make the Kodaira Spencer map explicit is the case
of deformations f : X — S which are smooth maps. By 2.4.12

(%) Exs(X, f*M) —— Ext'(Qk 5, f*M) = H'(X,0x/5 ® f*M),
for M € Coh(S). Since f is smooth, the sequence
00— f*(Qé/z) Q%{/z Q%(/S 0
is exact. The boundary homomorphism in the associated Ext-sequence gives a map
§ : Hom(f*(Qgz), f*M) — Ext' (Q 5, f*M).

ProrosiTioN 3.3.10. The diagram

0K /s

Ders(Og, M) = Hom(Q}g/E,M) —  Exg(X, M)

| |

Hom(f* Qg 5, f* M) - Ext' (2 g, f*M)
commutes. In particular, Exg(X, M) = H'(X,0x/s ® f*M).

PRrROOF. Given ¢ € Derg(Og, M) let Xy be as above, which is an extension of
X by f*(M). By definition, see 2.4.12, under the identification (x) the extension
Xy is identified with the extension in Extl(Qﬁ(/S,f*M) represented by the top
lines in the diagram

0 M QL B0y, Ox —— Qg —— 0

i I |

0 —— ol — Ol —— Qg —— 0



3.4. FORMALLY VERSAL DEFORMATIONS 69

where p : Xy — X is the projection. The commutativity of this diagram is exactly
the statement of the proposition as the pushout of the bottom line along — f*1
represents the image of f*¢ under the boundary homomorphism § in terms of
extensions, see [Bou]. O

3.4. Formally Versal Deformations

In this section we will introduce the basic concepts of versal and formally versal
deformations. In order to formulate this it is convenient to work with germs instead
of globally defined objects.

Let An(s ) denote the category of germs (.5, 0) of complex spaces over a given
germ (X,0). For simplicity, the base point of a germ will almost always be denoted
by 0.

DEFINITION 3.4.1. A fibration in groupoids p : F — Ans ¢ is called a (local)
deformation theory if the condition (H) of 3.1.11 is satisfied for germs (S, 0), (5, 0),
(T,0).

If a is an element in An(x o)(S,0) which induces ag on the (simple) point 0
then we call a a deformation of ag. As a basic example we treat deformations of
singularities.

EXAMPLE 3.4.2 (Deformations of singularities). We consider the following (lo-
cal) deformation theory p : F — An(s ). An object in F over (S,0) € An(s ) is
a germ (X,0) € An(y oy such that the structure morphism

f:(X,0) — (S5,0)

is flat. Omne interprets such a morphism as a deformation of the special fibre
(X0,0) :== (f7%(0),0). We will call (X,0) the (germ of the) total space and (S, 0)
the basis of the deformation. If (X', 20) € An(g ) is another flat germ then a mor-
phism from (X’,0) to (X,0) of deformations is a commutative cartesian diagram

(X',0) —— (X,0)

l l
(8,00 —— (S,0)

where the vertical arrows are the structure maps. Observe that in this case the
special fibers of the deformations are equal.
It follows from 2.4.4 that p is indeed a deformation theory.

3.4.3. Let p: F — Any be a (global) deformation theory and 0 € ¥ a fixed
point. One can associate to p in a natural way a local deformation theory py : Fo —
Any o) by taking

FO(S70) = lli)nUF(U)v

where U runs through the open neighbourhoods of 0 in S. In other words, an object
of Fy over (5,0) is an object a € F(U) which is defined on some open neighbourhood
U of 0 in S, and two objects a € F(U) and b € F(V) are considered to be equal in
F(S,0) if their restrictions to a suitable open neighbourhood W C UNV are equal.
The morphisms in Fy are defined in an obvious way. To every object a € F(S) and
a point 0 € S we can associate its so called germ (a,0) in F(S,0).
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In order to introduce (formal) versality it is necessary to extend the deforma-
tions to include also formal objects.

3.44. Let p : F — An(y ) be a deformation theory. Let K?l(gﬁo) be the
category of all formal germs of complex spaces, i.e. all germs S = (0,Og) where
Og is a local Noetherian Oy, g-algebra with residue field C, which is complete with

. . . —~—opp . .
respect to its maximal ideal. Thus Any, o) is just the category of local complete
analytic C-algebras that are Oy ¢-algebras. For S € El(gﬁ) we denote by S, the
n-th infinitesimal neighbourhood, i.e. S, is the fat point

S, = (o (’)S/m”+1) :
We can associate to p a so called formal deformation theory
]3 : F — An(Z,O)

in the following way. Let S € Hl(zﬁ) be a formal germ of a complex space, with
infinitesimal neighbourhoods S,, € Any. Then an object a € F(S) is a sequence of
morphisms
) > AL > Ay > Uy

with a, — a,41 in F lying over S, — 5’n+1 We write shortly @ = (a,,) in this
case and call @ a formal deformation of ag. A morphism a — b in Fover § T
is a chain of morphisms a, — b, over S, — T, which are compatible with the
transition maps a, “— a,+1 and b, — b,41. Obviously p is again a fibration in
groupoids.

3.4.5. If (S,0) € An(y o) then we can consider the completion S = (O Os.0),
where (950 is the mg g-adic completion of Og . Obviously then S € An(g 0)- To
every object a € F(S5,0) we can associate the formal object a € F(S) given by

an = a Xg S,. We will call a the formal completion of a. Thus we obtain a

commutative diagram
F —— Al’l(270)

| !

F —— Ang)
where the vertical maps are given by the completion.

Observe that for a fat point S over ¥ one has F(S) = F(S,0) in a canonical
way. We will now introduce versality and formal versality. In the following, we
will call an extension of germs of (formal) complex spaces (T,0) — (T",0) a small
extension if it is an extension by a module M of length one, i.e. M = C. Similarly
an extension in F or F is called small if the underlying extension of (formal) germs
of complex spaces is small.

DEFINITION 3.4.6. A formal deformation a € F(S) of ag € F({0}) is called
formally versal if the following lifting property is satisfied.
FV: For every diagram of solid arrows

=

X

b
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where p(b) — p(V’) is a small extension of fat points, there is a lifting as
indicated by the dotted arrow.
Similarly, if a € F(S,0) then a is called formally versal if the lifting property above
is satisfied for a instead of a.

We remark that a is formally versal iff the completion & € F(S) is formally
versal. This follows immediately from the fact that the morphisms T' — S from fat
points T into S are in a 1-1-correspondence with the morphism 7" — S.

The property (FV) implies the following stronger lifting property.

LEMMA 3.4.7. Let a be a formally versal 7def0rfnatz‘07} of ag. Then the lifting
property (FV) is satisfied for any morphism b — b in ¥ that lies over a closed
embedding T — T'.

PRrOOF. The lifting property is obviously satisfied if T < T" is an embedding
of fat points as follows by an easy induction from (FV). In the general case we
will construct inductively compatible morphisms f/ : b/, — @ lifting the morphisms
fn : by — @ induced by f. For n = 0 there is nothing to do. Assume now that
fI_1(n > 1) has already been constructed. Then the canonical map

/ /
Cni=by Uy, b, 1 — b,

is lying over a closed embedding of fat points. Hence there exists a morphism
fI b, — a lifting the morphism f, II f/_; : ¢, — a. Clearly f/ lifts f/_, as
desired. (]

DEFINITION 3.4.8. Let (S,0) be a germ of complex space over (2,0). A defor-
mation a € F(S,sg) of ag is called versal if the lifting property (FV) for a instead
of a is satisfied for any morphism of local deformation b — b’ in F, such that
(T,0) := p(b) — (17,0) := p(V') is a closed embedding, i.e. a diagram

with b € F(T,0), ¥’ € F(T',0) can be completed as indicated by the dotted arrow.

REMARK 3.4.9. Let p : F — Angy, be a global deformation theory and a € F(S).
If 0 is a point of S then we can associate to F a local deformation theory and to a
its germ, see 3.4.3. We call a versal resp. formally versal at 0 if the germ of a at 0
has the corresponding property.

REMARKS 3.4.10. (1) Assume that a € F(8) is a formal deformation of ag
and let f :S” — S be a smooth map of formal germs, i.e. Og = Og[T1,...,T,].
Then a is formally versal iff f*(a) € F(S') is formally versal. This follows from the
definitions and the fact that for a fat point T" and b € F(T') we have

Mor(b, f*a) = Mor(b,a) Xnior(t,s) Mor(T, S

~ Mor(b,a) x m&",

2

since the liftings of morphisms 7' — S to morphisms T — S’ are determined by
the images of the indeterminates 7; € Og in mp, the maximal ideal of Or, and
conversely, every tuple in m?” defines a lifting of a morphism 7' — S to @ morphism
T— 5.
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(2) Similarly as above, if a € F(S,0) and p: (5’,0) — (S,0) is a smooth map
then a is versal iff p*(a) is versal. This is easily seen with the same arguments as
above.

We will see later that the converse of these remarks is also true, i.e. that two
formally versal resp. versal deformations differ by a smooth factor, see 3.5.8.

LEMMA 3.4.11. Let S,_> Si is an extension of formal germs of complex spaces
by a Og-module M and S — T a finite map. Set T' := T lig S'. Let the index n
indicate the n-th infinitesimal neighbourhoods. Then T), =T, 115 S,.

PROOF. Let A = Og, A’ = Og, B = Op, B = Oy, be the associated

complete local rings. Then B’ =2 A’ x 4 B and mp' = m4s x 4 mpg. Hence m%Jfl =

m x o mipt

and so
Bl = B'/myt = A/ /m" x4 B/miytt =2 AL x4, B,

proving the lemma. O

COROLLARY 3.4.12. A formal deformation theory p : F— Kﬁ(go) satisfies the
homogeneity condition, i.e. if a diagram

I

93]

— > Q

Ql

over

>l
N

is given, where S — S is an extension and S — T is finite, then the fibred sum
b =0b]],a exists.

PROOF. Let T” be the fibred sum T11gS’. By the homogeneity of p : F' — Angy,
the fibred sum b, := b, [[, a;, exists and yields an object over T,, [ S}, which
is just 77 by 3.4.11. Then b’ = (b)) gives an object in F(T”) which is easily seen
to be a fibred sum. O

3.4.13. Let S € El(gm and @ € F(S). Then we can form as in 3.3.1 the
category of extension Ex(y y(a) which is cofibred over Coh(S), i.e. an object in
Ex(x 0)(a) over a coherent Og-module M is given by a pair (a — @', u) such that
S =p(a) — p(@') =S5 is an extension of S by M. As in 3.3.1 and 3.3.2 we denote
the set of isomorphism classes of the fibre Ex(s, ¢)(a)(M) by Ex(x, 9)(@, M) and the
set of automorphisms of the trivial extension a[M] by Aut(s ¢y(a, M). Similarly, we
can form the sets EX(Z O)(a/S M) and Aut(s 0)(a/S, M), see 3.3.1 and 3.3.2. The
homogeneity of p : F— An(g 0y implies as in 3.3.3 that there are fibred products
in Ex(x)(@) and that

Autso)(@a, M) ,  Autso)(a/S, M)

Ex(s,0)(@ M) , Exs,o)(a/S,M)
carry natural Og-module structures. Moreover the results of sect. 2.3 also hold
m.m. which we will use in the following without any comment. In particular, a

short exact seqence of Og-modules induces exact sequences as in 3.3.3 (3), and
there is a Kodaira-Spencer sequence as in 3.3.4. Taking completion gives a natural
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functor Ex (s y(a) — Ex(x5,0)(a) if a € F(S,0) is a convergent object. In particular,
for a coherent Og-module M there are natural maps of Og modules

Auts o) (a/S, M) —— Exs,0)(@/S, M)
Aut (s, o) (a, M) — Ex(s,0)(a, M)
Ex(s,0)(a/S M) — EX(Z,O)(EL/S,M)
Ex(s,0)(a, M) —— Ex(s 0)(a, M)

which are functorial with respect to exact sequences in M and compatible with the
Kodaira-Spencer sequence.

For Artinian modules the Ex-groups do not change under completion. More
precisely, the following lemma holds.

LEMMA 3.4.14. Let M be an Artinian Og-module with mg“'l/\/l =0anda <

Ex(S,0). Then the following hold.
(1) The natural maps of Og-modules

(a) lim Ex(s,0)(an, M) — Ex(s,0)(a, M)
n>k
(b) Ex(s,0)(ax/Sk, M) — Ex(s,0)(a/5, M)

are bijective.
(2) If a = a for some a € F lying over the convegent germ (S,0) then the
natural maps

(c) lim Ex(x o) (@, M) —  Ex(g0)(a, M) — Ex(s o)(a, M)
n>k
(d) EX(E70)(ak/Sk,M) %EX(Z,O)((Z/S,M) — EX(gp)(EL/S,M)

are bijective.

PRrOOF. For the proof of (a) let [b] € Ex(s )(a, M) be an element represented
by the extension b = (@ < b,u). Consider the exact sequence

0 M—505 Os 0.
By the lemma of Artin-Rees and the assumption that M is Artinian we get that
mZ Nu(M) = 0 for n > 0. Denoting by the index n the n-th infinitesimal neigh-
bourhood this implies that for n > m > 0 the diagrams

Ay — Qp Sm STL
)b |

are cocartesian and so b is already uniquely determined by b,,. In the case of (b)
we have O =2 Of x M and so m}%+1 N a(M) = 0. Thus the above diagram is
cocartesian for n > m := k, and the bijectivity follows as before.

With the same argument we obtain that the first map in (c) resp. (d) is bijective.
As the composition with the second map is bijective by (1) the result follows. O

In the following proposition we give a useful criterion for an object a € F(S)
to be formally versal.
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PRrROPOSITION 3.4.15. The following are equivalent.
(1) a is formally versal.

(2) EX(E70) (a, (C) =0. ~
(3) Ex(s,0)(@, M) = 0 for every finite Og-module M.

PROOF. For the proof of (1)=(3) consider [a'] € Ex(s ¢)(a, M), i.e. a:a — @
is an extension of @ by M. By the formal versality, see 3.4.7, there exists a morphism
B:a — a with 3o« = id;. This shows that [@'] =0 in Ex(s o) (@, M).

(3)=(2) is trivial. Finally, assume that (2) holds and consider a diagram of
solid arrows

be— ¥

f

a
with p(b) < p(b') a small extension of fat points by C. The fibred sum @’ = a ][, v’
then defines a small extension of @ and so an element of Ex(x o)(a,C), which by
assumption is zero. Thus there exists an arrow @’ — @ retracting the inclusion
a — a’. Composing this retraction with the natural map ' — a’ gives a lifting of
I O

This immediately implies the following simple criterion for formal versality
which will be useful in proving openness of versality in sect. ?7.

COROLLARY 3.4.16. Let p : F — Any be a (global) deformation theory and
a € F(S). Then a is formally versal in so € S iff Exx(a,Cs,) = 0 where Cy,
denotes in brief the sheaf Og/mg s,

In the rest of this section, consider again a local deformation theory p : F —
Angs o).

COROLLARY 3.4.17. Let a € F(S) be formally versal. Then the Kodaira-
Spencer map
Der(g,o)((’)@ (C) E— EX(E)O) ((i/g, (C) = EX(E,Q)(GO/SO, (C)

is surjective. Conversely, if for a € F(S) the Kodaira-Spencer map above is surjec-
tive and S is smooth over ¥ then a is formally versal.

PRrOOF. This follows from the Kodaira-Spencer sequence
- — Der(s,0)(0s, C) — Ex(s,0)(@/5,C) — Ex(z,0)(@,C) — Ex(z,0)(S,C),

the criterion 3.4.15 and the fact that Ex(s ¢)(5/,C) vanishes if S is smooth over
. O

We give a simple application. An object ag € F(sg) is called rigid resp. formally
rigid, if the trivial deformation ag < ag over sq is versal resp. formally versal. With
other words, every formal deformation of aq is isomorphic to the trivial one.

COROLLARY 3.4.18. aqg is formally rigid iff Ex(s; 0)(ao/So, C) = 0.
PRroOF. This follows from the exact sequence
0 = Der(x 0)(C,C) — Ex(x 0)(ao/So, C) — Ex(ao, C) — Ex({0}/{0},C) =0

and the criterion above, where {0} stands for the simple point. (]
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Applying this to deformations of complex spaces, see 3.1.6 (1), this gives the
following criterion.

COROLLARY 3.4.19. If X — X is smooth and H'(X, Ox/x) = 0 then X is
formally rigid.

ProOF. By 3.3.7 (1) the infinitesimal deformations X — Spec(Cle]) (as a space
over X)) of X are just the extensions Exy (X, Ox), and

Exs(X,0x) 2 H'(X,0x/5)
by 3.3.10. =

EXAMPLE 3.4.20. We emphasize that in general a formally versal deformation
is not versal. As a simple example consider the case that > = 0 is a simple point
and X = C which is a Stein manifold and so is even formally rigid by the preceding
corollary, but which is not rigid in the sense above. E.g. the family

X ={(21t) eCxC:lzt]| < 1}

with respect to the second projection onto C cannot be induced from the trivial
family X — 0, as the fibers of X — C over points t € C* are discs and so are not
biholomorphic to C by Liouville’s theorem. In particular, X — 0 is formally versal
but not versal.

3.5. The Theorem of Schlessinger

In the following we fix a local deformation theory p: F — An ). As usual
our germs will alwys have base point 0 which we consider at the same time as
the germ consisting of a simple point. The central result of this section due to
Schlessinger is that every object ag € F(0) admits a formal versal deformation
under some mild hypothesis. Moreover we will compare different (formally) versal
deformations. We will show that two of them always differ by a smooth factor.

As already done before, given a € F and an extension (a < b, u) of a by some
coherent module we briefly write b for that extension if the other data are clear
from the context.

LEMMA 3.5.1. Let a be an object in F(S) defined over some germ S = (S,0).
Assume that Ex(s, o) (a, C) is finite dimensional over C and set V := Ex(x gy(a, C)".
Then for every finite dimensional vector space W over C there is a functorial iso-
morphism

Ex(s,0)(a, W) —— Homc¢(V,W).
If o’ € Ex(n0)(a,V) is the extension corresponding to idy € Homc(V, V) then the
following hold.

(1) Universal property. For [b] € Ex(x; 0)(a, W) there exists a unique linear map
fo: V= W such that fy«(a') = b.

(2) Let j : o' — a” be a morphism of extensions of a. Then there is a retraction
v:ad' —ad, e v =idy.

PrOOF. By 3.3.3 (2)
Ex(s;,0)(a, W) = Ex(s 0)(a,C) @ W = VY @ W = Hom(V, W),

and on the level of extensions the isomorphism is as indicated. This proves (1).
To show (2) observe first that by the universal property of a’ there is a morphism
v :a” — a’ of extensions of a. By the uniquenes statement in (1) the composition
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yj i a’ — a’ — a’ is an isomorphism. Now 7 := (y15)~! o1 is the desired
retraction. (]

In the following we will call a’ the universal extension of a and denote it by
ex(a).

REMARKS 3.5.2. (1) In particular, under the assumptions of the lemma, there
is always a morphism b — a’ in Ex(s g)(a). Observe that this morphism is only
determined up to an automorphism of b in Ex(x o)(a).

(2) In the situation of the lemma, the induced map

EX(Z,O) (CL, W) E— EX(E,O) (a’, W)

is zero as follows from (2).
(3) Tt is clear from the proof that the above lemma also holds for formal objects
a € F(S) defined over some formal germ S.

In the following, a deformation a of ag € F(0) will be called versal up to order
n if the condition (FV) in 3.4.6 is satisfied in the case that T < T” := p(V’) is an
extension of fat point with m’{fl =0.

Let ag € F(0) be given and assume that Ex(s o)(ao,C) is finite dimensional.
Let @ = (ay) be the formal deformation defined inductivily by a,41 = ex(an),
where a,, — ex(a,) is a universal extension of a,. That this construction is well

defined is seen by the following lemma.

LEMMA 3.5.3. (1) For every n, the vector space Ex(s; 0)(an,C) has finite di-
mension.

(2)n ay is versal up to order n.

(3)n If Sn is the fat point underlying a, then Os,_, = Os, /my , where mg, C
Og,, denotes the mazimal ideal.

(4) If S = liin S, is the associated formal complex space then the complete local
C-algebra Og is isomorphic to a quotient of Og[V], with V := Ex(s 0)(ao,C)",
modulo an ideal I C m?%m +mg[V].

PROOF. The proof of (1) follows from the Kodaira-Spencer sequence
- — Ex(5,0)(@n/Sn, C) — Ex(x,0)(an, C) = Ex(5,0)(Sn,C)
and the fact that
Ex(x,0)(an/Sn, C) = Ex(x 0y (a0/S0C) = Ex(x o) (a0, C),

see 3.4.14. For the proof of (2), and (3), we proceed by induction on n. For
n =1 (2), follows from 3.5.1 whereas (3),, is trivial. Assume that n > 1 and that
(2)n—1 and (3),—1 are satisfied. We show first that (3),, holds. Consider S;,_; with

Os: = Os, /m§  which fits into the commutative diagram

04>W—>OS/

I ane Osn—l 0

o

0O ——V —0g, — Og, , — 0.

Let a],_; be the object in F(S],_;) induced by S!,_; — S, from a,,, so that a,,_1 —

n—1
a;,_; is an extension of a,_1 by W, ie. [a, ] € Ex(x0)(an-1, W) Since a,_1 is
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/

versal up to order n — 1 there is a section a],_; — an—1 of a1 — al,_4, le.

lar,_1] = 0 in Ex(s, 0y(an—1, W). Hence the map
V = Ex(s0)(an-1,C)Y — W

corresponding to al,_; is zero by 3.5.1. Since V' — W is surjective, it follows that
W is zero and so S/,_; = S,,—1 as desired.
For the proof of (2),, we consider a diagram of solid arrows in F

where b — ¥’ is an extension over an extension of fat points T' < T” with m%ﬂ'l =0.

We must show that there is a morphism as indicated by the dotted arrow making
the diagram commutative. Set o’ := a, I, b’ so that the canonical morphism
j :a, — d is an extension over, say S, — S’. As Og is the fibred product of
Og, and Ops over Or we we have also mg,ﬂ = 0. It is sufficient to verify that j
admits a retraction v : ' — a,. Using 3.5.1 (2) we need to show that the composed
morphism a,_; < a’ is an extension, i.e. that the kernel, say I, of the underlying
map

(95’/ J Osn can OS

n—1
is of square zero. Take z € I. Using (3),—1 we get that j*(x) € mg . By the
surjectivity of j* we find an element y € m¥%, mapping to j*(z), i.e. ¢ —y € Ker j*.
As this is an ideal of square 0 we get 0 = (x — y)? = 2% + 22y + y?. But 2zy and
y? are contained in m% " =0 and so 22 = 0. Hence 12 = 0 and (2),, follows.

By construction, Og, = C[V]/(V?) and by (3) Os, /m% = Og,. Hence (4)
follows. O

THEOREM 3.5.4 (Schlessinger). Let ag € F(0) and assume that the vectorspace
V := Ex(x,0)(ao, C) is of finite dimension. Then ag admits a formal deformation a
which is formally versal.

PROOF. Let a = (ay) be as in 3.5.3. Because of loc.cit. (4) a is an object in F,
and because of (2) it satisfies the property (FV) in 3.4.3. O

As the construction shows the basis S of the formally versal deformation @
constructed in 3.5.4, has tangent space Ex (3, 0)(ag,C). This deformation has the
following minimality property.

PROPOSITION 3.5.5. Every formal deformation b of ag is induced from a by a
map T := p(b) —— S, i.e. f*(a) 2 b. Moreover, the associated map of tangent
spaces

To(T) — To(S)
is uniquely determined by b.

PROOF. The existence of an f with f*(a) = b follows from the formal versality

of a. If Op = C[W] then WV = Ty(T) and similarly Og, = C[V] with V¥V =

T(S) = Ex(s,0)(a0,C). A map f induces a map f; : Ty — S; which is uniquely
determined by the associated map of tangent spaces df : WY — VV. Thus

Hom(Ty, S;) = Home (V, W),
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and under the identification
Ex(x,0)(ao, W) = Homc (V, W)
the dual of df corresponds uniquely to by over 77, by 3.5.1. (]

DEFINITION 3.5.6. A formal deformation a € F(S) of ag is formally semi-
universal if it is formally versal and if the tangent space of S is isomorphic to
Ex(s,0)(ao,C). For a (global) deformation theory p : F — AnxA a convergent
deformation a € F(S) of ap € F({so}) is called semiuniversal if a is versal and if
T, (S) is just Ex(s,0)(ao,C).

PROPOSITION 3.5.7. (1) A formally semiuniversal deformation of ag is uniquely
determined up to (noncanical) isomorphism.

(2) Let a € F(S) be formally semiuniversal and b € F(T) a formally versal
deformation of ag. Let f : T — S be a morphism with f*(a) = b. Then f is
smooth, i.e. Op = Og[T1,...,T,].

PROOF. Observe that (2) implies (1). In order to show (2) we first remark that
Tf : To(T) — To(S) is surjective. In fact, by the formal versality of b there is a
morphism g : § — T with ¢g*(b) & @, and the composed map T(f) o T(g) is the
identity on Ty(S) since a is assumed to be formally semiuniversal. Let T < T’ be
an S embedding into a space T” which is smooth over S. Since Ty(T) — Tp(S) is
surjective we may assume that To(T) —— To(T").

The morphism b — a induces a morphism j : b < allgT’. As b is semiuniversal
there is a section o : @allg T' — b, i.e. 0j = idy. Hence T is a retract of T’ and so
T and T’ must be isomorphic having isomorphic tangent spaces. O

PRrROPOSITION 3.5.8. Assume that there exists a versal deformation of ag in F.
Then the following hold.
(1) There exists a semiuniversal deformation of ag in F.
(2) Ewery deformation of ag in F which formally versal is also versal.

PrROOF. First we show (1). Let a € F(S,0) be a versal deformation of ag and
b € F(T) a formally semiuniversal deformation of ag. Then the completion a is
induced by a map f : S — T, and by 3.5.6 f is smooth, i.e.

Og = O7[X1,..., Xu].

We may assume that Xi,...X, are already in Ogg. Let T C S be the subspace
given by X; = -+ = X,, = 0, and let b € F(T,0) be the object induced from
a € F(S,0). By construction b = b and 7' = T. We now show that (S,0) =
(T x C",0) =: (57,0) and o' := b x C™ = a. Namely, let S; and S; be the
first infinitesimal neighbourhoods. Then the induced infinitesimal deformations
ay € F(S7) and a; € F(S7) are isomorphic under an isomorphism, say f : a] — a;.
In the diagram

there is a lifting ¢g , and the map T'(p(g)) : To(S’) — Tp(S) is an isomorphism by
construction and so p(g) : S’ — S is an embedding.
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On the other hand, $" and S are (abstractly) isomorphic since the local rings
Og,, Og are both formal power series rings in n variables over O7. This implies (e.g.
by observing that the surjective maps Og, — Og/ induced by p(g) are bijective
by length reasons) that p(g) : S’ — S is an isomorphism. Thus 3.5.8 follows from
3.4.10 (2).

In order to show (2) consider a deformation a € F(S,0) of ap which is formally
versal. Let b € F(T,0) be a semiuniversal deformation of ag. Then there is a
morphism f : (S,0) — (T,0) with f*(b) = a. By 3.5.6 the map S — T is smooth
and so f is smooth too. Applying again 3.4.10 (2) we obtain that a is versal. O






CHAPTER 4

Applications to Unfoldings

In the nowadays classical theory of singularities of (holomorphic) mappings
f :(C™*0) — (CP,0) one considers various equivalence relations given by groups
of automorphisms which act on such germs. For instance, in sect. 1.2 we already
treated contact equivalence and gave explicit criteria when two germs are equivalent
under this relation. In this chapter we present a systematic account of this theory
from the point of view of deformations and give a unified treatment of the so
called standard theorems, see e.g. [AVGL]. The theory of unfoldings developed
independently from deformation theory in the late sixties. It became apparent soon
afterwards that unfoldings can be viewed as (unobstructed) deformations, see e.g.
[Tei].

In our approach which follows closely [BF1] the key tool underlying all proofs
is the relative Kodaira-Spencer map of a deformation which was introduced in sect.
2.3. Its vanishing for a 1-parameter family signifies that the deformation is trivial
whereas the surjectivity for a deformation over a smooth base characterizes versal-
ity. Of course the Kodaira-Spencer map appears in various disguises already in the
classical proofs, e.g. as “homological equation” in [AVGL, Chapt.3, 1.5]. System-
atic use of the Kodaira-Spencer class clarifies the proofs considerably and allows
for generalizations. As a typical example we give in sect. 3.3 a simplified and more
conceptual proof of the theorems of Mather-Yau type [MYa), [GHa]. We deduce
these results for mapping germs (X,0) — (CP,0) where (X, 0) is an arbitrary germ
of a complex space.

4.1. Unfoldings and Deformations

DEerFINITION 4.1.1. Let (X,0), (Y,0) be germs of complex spaces and f :
(X,0) — (Y,0) be a holomorphic map. An wunfolding of f over the base (.5,0)
is a morphism

F: (X xS,00— (Y,0)
such that F'(z,0) = f(z) for « in a neighbourhood of 0 € X.
Sometimes in the literature the corresponding S-morphism
(F,idg) : (X x S,0) —— (Y x S,0)
is called an unfolding. An unfolding F' must be considered as a deformation over

the parameter space S. The object which is deformed is in this case not just a
space but a mapping, namely f. This viewpoint will be made more precise below.

ExAMPLE 4.1.2. As a simple example consider the function f : C — C with
flx) =2™ ie. (X,0) = (Y,0) = (C,0). An unfolding of f is given by the “univer-
sal” polynomial

F(z,a) == 2" 4+ ap 12" +--- 4 ap

81
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where a = (ag, ..., a,—1) € S := C™. Later on we will see that every other unfolding
of f can be induced from F' if we allow certain S-automorphisms.

In general there are several natural equivalence relations on unfoldings which
act by automorphisms. In sect. 1.2 we studied already contact equivalence in the
absolute case, i.e. S = 0. The same relation will also be investigated for unfoldings.
Another possibility is to let S-automorphisms of (X x S,0) act on the right of
F(z,s) or S-automorphisms of (Y x S,0) act on the left of (F' x idg), or to combine
these two actions. Even more generally, we will admit quite general actions of
groups on the mapping germs, which is the proper framework for such equivalence
relations. For this we introduce the following notations.

4.1.3. Let in the following (X,0) and (Y,0) be fixed and set
E(S,0) := Mor((X, xS,0),(Y,0))

be the set of morphisms F : (X x S,0) — (Y,0). Obviously (5,0) — E(S,0) gives
a set valued functor E : Germs — Sets. The elements of E(S,0) are also called
unfoldings over (S,0).

It is useful to note that the functor E is compatible with fibred sums: let
(S,0) — (5’,0) be an extension and (7,0) — (S5,0) a finite morphism of germs.
Denoting by 7" := S’ IIg T the fibred sum we get

(%) E(T",0) = E(S',0) X g(s.0) E(T},0).

Indeed, if F' € E(S',0) and H € E(T,0) are unfoldings inducing the same unfold-
ing, say F', on (S, 0) then we can form the fibred sum F’IIr H. Using the fact that
fibred sums are compatible with taking products it is seen that F' I H represents
an element in E(7”,0) inducing F’ on (S’,0) and H on (T,0).

4.1.4. Assume that we are given a group-valued functor

G : Germs”” —— Groups

(5,0) — G(5,0),
together with an action of G on E. This means that for every germ (S,0) the
group G(5,0) acts on E(S,0), and for every morphism (S’,0) — (5,0) the induced
diagram
G(S,0) x E(S,0)0 —— E(S,0)

l |

G(5',0) x E(5",0) —— E(5,0)
commutes.

Let E¢(S,0) be the groupoid associated to the G(S,0)-set E(S,0), see 3.1.7.
More explicitly, the objects are the elements of E(S,0), and for Fy, F» € E(S,0) the
morphisms from F} to Fy are all elements g of G(S,0) with g.F; = Fs. Two germs
Fy, F5 are called G-equivalent if Fy and F» are in the same orbit under G(S,0). The

reader may easily verify that this defines a fibration in groupoids Eq — Germs
with fibers E¢(S,0).

In singularity theory the following examples are of importance.
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ExaMPLES 4.1.5. (1) (Right-equivalence). For a germ S = (5,0) let R.(.5,0)
be the group Autg gy (X x.5,0) of all (S,0) automorphisms of (X x S,0). This group
acts naturally on E(S,0). More concretely, if F' is an unfolding and g € R.(S,0)
then ¢g.F := F o g~'. This defines a fibration in groupoids Er, — Germs. We
define R(S,0) to be the subgroup of all those g in R(S,0) with g|(0 x S) = idyxs.
The associated equivalence relations are called extended right equivalence resp. right
equivalence.

(2) (Left-equivalence). For a germ (.S, 0) the group of automorphisms L. (.5, 0) :=
Aut(g0)(Y x 5,0) acts naturally on E(S,0) from the left by

(9.F,idg) := go (F,idg).

In this way one obtains a fibration in groupoids E; — Germs. The associated
equivalence relation is called extended left equivalence. Restricting to elements g of
L:(S,0) with g|(Y x S) = idy xs defines again a subgroup £(S,0) and leads to the
left equivalence of germs.

(3) (Right-left-equivalence). Combining the actions of R, L on E in (1), (2)
we obtain an action of 4 = R x £ on E and so a fibration in groupoids E 4.
The associated equivalence relation is called right-left-equivalence or A-equivalence.
Similarly we can form A, = R, x L. and obtain the “extended” version of right-left
equivalence.

(4) (Contact equivalence). In this example we restrict ourselves to the case
that (Y,0) = (CP,0) is smooth. For a germ (S5,0) let IC.(S,0) be the group of
contact-equivalences which is defined to be the semidirect product

Ke(S,0) :=Re(S,0) x GL,(Oxxs,0),
where the group structure is given by
(0, M) (), N) := (p o), M(N o p™1))
for ¢, € Re(S,0) and M, N € GL,(Ocnxs,0). This group acts on E(S,0) by
(o, M)F := M(Fogp™).

This gives the so called K.-equivalence or extended contact-equivalence. It is an
easy exercise left to the reader to verify that two unfolding Fi, Fy are K.-equivalent
iff the analytic germs F;*(0) and F, *(0) are (S, 0)-isomorphic.

Similarly, taking the subgroup K(S,0) := R(S,0) x GL,(Oxxs,0) of K. leads
to K- or contact equivalence. Moreover, two unfolding F, Fy with 0 x .S C Ffl(O)7
F;1(0) are K-equivalent iff there is an S-automorphism of germs F; *(0) — F; (0)
inducing the identity on S x 0.

(5) (C-equivalence) We again assume that (Y,0) = (C?,0) is smooth. Restrict-
ing the action in (4) to the subgroup GL,(Oxxs,) of K.(S5,0) we get the so called
C-equivalence. Two mapping germs F' = (Fy,...,F,) and G = (Gy,...,Gp) in
E(S,0) are obviously C-equivalent iff the ideals (Fi,...,F,) and (Gi,...,G,) in
Oxxs,0 are equal.

Note that in the absolute case, i.e. S = 0 is a simple point, the extended
and non extended equivalence relations coincide. In many of the applications we
will only deal with the absolute case. But even here, in the proofs there occur
the corresponding relations for unfoldings, and one has to distingush carefully the
extended and non extended versions!
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We also remark that one can extend the notion of K- and C-equivalence to the
case that (Y,0) is a singular germ, see [BF1, 1.3 (4) and (5)] for details.

EXAMPLES 4.1.6. (1) It is helpful to consider the simplest case, namely that of
a polynomial f(z) # 0 of one variable z where S = 0. We can find a unit € € O¢
such that €(z)f(z) = 2™ for some n € N, With other word, f(z) is C-equivalent
and then also K-equivalent to z”. With the new coordinate 2’ := (¢)~%/"2 we can
write f(z) = 2'™. Therefore f and 2™ also are right equivalent. On the other hand,
there are many polynomials which are not left equivalent to a monomial, take e.g.
2% + 23

(2) Let us treat the case of an unfolding F' : (C x S — C) of a function
F(z,0) # 0 of one variable. By the preparation theorem of Weierstra there is a
unit u € Ocxg,0 and a Weierstra polynomial

P=z"4a, 1(s)2" "+ +ao(s)

such that F' = uP. In particular F' and P are C-equivalent and so in particular
K-equivalent. Later on we will see that F' is already right-equivalent to such a
polynomial, see 4.5.8.

We will now examine the homogeneity of these fibrations in groupoids. We
again consider the general situation of 4.1.4

4.1.7. Assume that the action of G on E satisfies the following properties.

(1) If (S,0) — (5’,0) is an extension then G(S’,0) — G(S,0) is surjective.
(2) Let

(S,0) —— (8",0)

| g

(T,0) —— (T",0)

be a cocartesian diagram of germs of complex spaces such that (S,0) —
(T,0) is finite and (5,0) — (5’,0) is an extension. Then G(7”,0) is the
fibered product of G(5’0) and G(T,0) over G(S,0).

We will show

PRrROPOSITION 4.1.8. If 4.1.7 is satisfied then Eq — Germs is a deformation
theory.

PROOF. In the situation of 4.1.7 (2) let F' € E(S’,0), H € E(T,0) with
F := o*(H) = g.i*(F') for some g € G(S5,0). We have to construct the fibered
sum of F’ and H over F' in Eg. By property (1) we can find ¢’ € G(S5’,0) lifting
g. Replacing F’ by ¢’.F’ we may assume that F' = o*(H) = ¢*(F"). Using the fact
that the functor F is compatible with fibred sums, see 4.1.3 (x), we can form the
fibred sum H’ := F' I H which is a map

H (X xT',0)— (Y xT,0),
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ie. H € E(T',0). We claim that H' represents the fibred sum of F’ and H in E¢.
For this consider in Eg a diagram

F — . F g P g
l l over al lﬁ
H—— L y——

By the lemma below, it is sufficient to show that there is a morphism H’ — L over
id7 in Eg which induces on F’ and H the given arrows.

The morphisms H — L and F/ — L are given by elements h € G(T,0) and
f e G(Y9,0) with h.H = 5*(L) and f'.F’' = 3*(L). It follows that

i*(f).F=i(f . F')=4ip8"(L) = a*j*(L) = o (h.H) = a*(h).F.

Hence (f’, h) defines an element in G(S’,0) X (s,0)G(T,0). Because of our assump-
tion (2) there is a unique element A’ € G(I",0) with j*(h') = h and g*(h') = f'.
Obviously W/.H' = L. O

In the above proof we have used the following simple observation.

LEMMA 4.1.9. Let p : F — C be a cofibration in groupoids and consider a
diagram in F

a —— a g —t g
l J over al lﬁ
b —— ¥ T 1 .7

such that T' is the fibred sum S’ g T. Then b’ represents the fibred sum of a’,b
over a iff the following condition is satisfied.

(*) For every pair of morphisms By : a’ — ¢ over B and jy : b — ¢ over j in
F inducing the same morphism on a there is a unique morphism b — c over idp:
such that the compositions a’ — V' — ¢ and b — b’ — c are the given arrows B, jy,
respectively.

PRrOOF. Clearly (%) is a special case of the universal property for fibred sums.
Assume that (%) holds and take morphisms o’ — d, b — d which yield the same
morphism on a. Then the arrows S’ = p(a’) — p(d) and T = p(b) — p(d) define a
morphism of the fibred sum v : 77 — p(d). Applying our assumption (x) to ¢ :=
~v*(d) gives a morphism b — ¢ over idy. Composing with the natural morphism
¢ — d we get an arrow b — d such that the the compositions ¢’ — ' — d and
b — b’ — d are the given morphisms a’ — d, b — d respectively. O

COROLLARY 4.1.10. The examples (4.1.5) 1-5 are deformation theories.

PROOF. We will show this for the case of extended right-equivalence, see (4.1.5)
(1); the proofs in the other cases are similar. By definition, the group R.(S,0) is
the set of all automorphisms (X x S,0) — (X x S5,0). In the situation of 4.1.7 (2),
let ¢’ € Re(S57,0), h € Re(T,0) be right equivalences inducing the same element,
say g, in R.(S5,0). As fibred sums are compatible with products the map ¢’ I, h
defines an element of R.(7”,0) pulling back to ¢’, h, respectively. Hence 4.1.7 (2)
is satisfied. Finally, that (1) is fulfilled follows from the smoothness principle, see
?7. O
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4.2. Infinitesimal Computations

4.2.1. Let (X,0) be a germ of complex spaces and consider the functor E :
Germs — Sets which associates to (59,0) the set of all S-morphisms F' : (X x
S,0) — (CP,0), i.e. we consider in 4.1.3 the situation that (¥,0) = (CP,0) is a
smooth germ. Such a map is uniquely determined by its components. With other
words, the elements of F(S,0) are in a 1-1 correspondence with the elements of
mg(xs o Where my, 50 denotes the maximal ideal of Oxxg,0. Assume that there is
a horrfogeneous group valued functor G acting on E and satisfying 4.1.7 such that
we get a deformation theory Eq — Germs.

4.2.2. Let F : (X x S,0) — (CP,0) be an unfolding and M a coherent Og-
module. In the following it is convenient to write the structure sheaf of the trivial
extension S[M] as Ognq = Os ® eM where 2 = 0. We set My = 0% 5, ® M
so that X x S[M] = (X x S)[Mx]. The unfoldings

F € E(S[M],0) = M im0 = Mxxso @ eM

restricting to F in O%, ¢, are those of the form F =F —cH with H € M%. This
simple observation will allow us to compute very explicitly the extension functors
(see 3.3.1)

Exq(F/S, M) := Exg, (F/S, M)
for the deformation theory of unfoldings modulo G-equivalence. First note that by
the above argument we have a natural surjective map of Og o-modules

Mg( — EXG(F/S,M) .

Our task is to determine the kernel of this map. An element F = F —¢cH is
isomorphic in Eg to F[M] = F + 0 iff F' = ¢.F for some g € G (S[M],0) that
restricts to the identity in G(S,0). Setting

G(M) := Ker (G(S[M],0) — G(S,0))

we obtain a map v = v& : GIM) — M¥% via g — H if ¢ F = F —eH. Let us
compute the kernel of . An element g of GM) is in the kernel of v iff g.F = F
which just means that g gives an automorphism of F' in Eqg inducing the identity on
S[M]. Therefore the second row in the diagram in 4.2.3 below is exact. Moreover
we get:

PROPOSITION 4.2.3. There is a natural diagram with exact rows

Autg,, (F/S, M) <> Autg,, (F, M) — Der(Og, M) 255 Bxg(F/S, M)

| | |

Autg, (F/S, M) —— G(M) T MY - Exg(F/S,M) — 0

where the first row is the Kodaira-Spencer sequence. The map 3 is given by
19'—>19X(F) = (ﬂX(Fl)P",ﬂX(FP)) ;

with ¥x € Der(Oxxg,0, Mx) the canonical lifting of .
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Proor. We first show that di g factors through 8. In terms of analytic algebras
the unfolding Fy = 0k s(¥) fits into the diagram

o(F,ids)
Os —— Ocrxso —=  Oxxspo

idfeﬁl lid—eﬂy lid—sﬂx

o(Fy,ids)
Os[M] —— Ocrxsimo ——— Oxxsim)0

where ¥y is the canonical lifting of ¥ to (Y x S,0) = (C? x S,0). Let (y1,...,yp) be
the coordinates of C? so that Ocrx g0 = Og,0{Y1,...,Y,}. Using the commutativity
of the square on the right hand side it follows that
(1 =dx)(Yio F) = ((1 = dy)(Yi)) o Fy,

whence

F; —9x(F;) = (Fy):
as ¥y (Y;) = 0. With the identification above we get Fy = F —eH, H € M%, with
H=—9x(F).

Finally we remark that by definition Autg(F/S, M) is the set of all pairs
(g9,%) where 1 is an S-automorphism of S[M] and g € G(M) is an element with
g.F = ¢*(F). Projecting onto g gives the map «. It is an easy exercise to check
that the second square in the above diagram becomes commutative. ([l

If M = Og,, we write simply TG(F) for the image 45(G(Os,)) in O% -
Let us make the computation of the Kodaira-Spencer class more concrete by the
following example.

ExAMPLES 4.2.4. (1) Let F : (C x C*,0) — (C,0) be the unfolding

F(z,a0,...,ap-1):=2" + 12"+ +ag
of f(z) := 2", z € C. We want to compute the Kodaira-Spencer class dxs(0/0a,)
in Exg(F/C™, Ocn) under the above identification
EXG(F/(Cn, OC",O) = OCXCnp/TG(F).

For this we have to differentiate F' with respect to a,. Thus the Kodaira-Spencer
class 0xs(0/0a,) is the class of z¥ in Ocxcn o/TG(F).
(2) As another example, take the unfolding

F(21,20,t) = (2] +t23, 2120 + 25 + t21)
of f(z1, 22) := (22, z122+23). Differentiating with respect to t we see that dx5(9/0t)
is given by the class of (23,21) in O2,, ¢ o/TG(F).

We will compute the modules G(M) and the map vg = 75 for the various
examples given in 4.1.5.

PROPOSITION 4.2.5. (1) In the case of extended right equivalence
G(M) =Re(M) = Ders(Ox xs,0, Mx),
and the map yr, s given by evaluation on F', i.e.
R, (0) = (0(FY1), ..., 6(F})) € M.

Moreover, R(M) = Ders(Oxxs,0,mxMx) where mx denotes the mazimal ideal
of Ox0, and yg is the restriction of yr,.
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(2) In the case of extended left equivalence we have with Y := C?
GM) = Lo(M) = MY
where My = Ocrxs,0 ®0g, M. Here ¢, is the map —F* : MY, — ME.. Again
L(M) =2 my MY, where my is the mazimal ideal of Oy o, and yg is the restriction

of YR, -

(3) In the case of A = Re X Le-equivalence Ao(M) = Re(M) & Lo(M) and
YA, = VR, + V2. Similarly, A(M) = R(M) & L(M), and ~y, is the restriction of
VL. -

(4) In the case of C-equivalence

C(M) =Endxxs (O‘g{xS}U) ®Os,o M,
and ¢ is given through

CM)>M+— -MF € 0%, 5,0 M,
which is up to the sign the natural action of endomorphisms on the vector F =
(F1,...,Fp). In particular, Exg(F/S, M) 2 MX., where X = F~1(0).

(5) In the case of K.-equivalence K. (M) = C(M)ER(M), and vk, = ve+r., -
Similarly, K(M) = C(M) ® R(M), and vk is the restriction of i, .

PrOOF. It suffices to prove (1), (2) and (4). In the case (1) an element h of
Re(M) is just an infinitesimal automorphism of (X x S)[Mx] and has therefore
the form h = 1 — &6 for some derivation § € Derg(Oxxs,0, Mx), see 7?7. This
proves the first part of (1). To compute vz, observe that

(Fo(l—¢e0)"(Y;)=(1—¢ed0)(F;)=F;+¢ed(F;)

where Y; denotes the i-th coordinate on Y = CP. Using the definitions y%_ has the
required form. In the case of R-equivalence an infinitesimal automorphism 1 — &d
of (X x S[M],0) must be the identity on 0 x S[M)]. Hence 6 = 0 mod my, i.e.
R(M) = Derg(Oxxs,0,mxMx).

In the case of (2) of we get with the same argument

L.(M) = Derg(Oy xs,0, My ) = MY
To compute 7., write an infinitesimal automorphism of (Y[M],0) as 1 — &§ with
0 € Le(M) = Derg(Oyxs,, My). We get
((1—28) 0 F)* (Yi) = F*(Y; — e8(Y})) = F — eF*(3(Y:).

Under the identification Derg(Oy xs,0, My) = MY, 6=(6(Y;))1<i<, this means
that v, is just the map given by F* : M}, — M%. The case of L-equivalence
follows again from the case of L.-equivalence using the same argument as in the
proof of (1).

Finally in the case of (4)

C(8,0) = GL (0% .50
and similarly as above
C(M) = End (0% 50) @ M .
Moreover, if u =14 cw € C (S[M],0) with w € C(M) then
(1+ew)F = F + cwkF,
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which proves (4). O

EXAMPLES 4.2.6. (1) Let us return to the example discussed in 4.2.4 (1). We
get for C-equivalence that

Exxc(F/C", Ocn) = Ocxen o/ ((F) + me(9F/0t)).

The classes of dxs(0/0a,) = z¥ generate this module. Moreover they form a basis
of the C-vector space Exg (F/C",C). Using 3.4.17 it follows that F is the formally
semiuniversal deformation of f(z) = z™.

(2) In this example let us consider in the case of A.-equivalence the map

f = (f07‘ . 7fn) : (Cn+1u0) - ((Cn—‘rlao)
where f, =z, for 0 <v <n—1 and
fn(207 .. ~7Zn) = ZTTLL+1 + Zn—lzz_l + -+ 2120 + 20-

Denote by e,, 0 < v < n, the standard basis of (’)gﬂl o- The subgroup T'A.(f) is
the sum of f*(Ocn+1 o) together with

n—1

n n—1
> 0f/02,0cm1 9 = (D (ev + 2hen)Ocnir o) + (nzp + Y vzzt)enOgns .
v=0 v=0 v=0

Dividing out the second summand gives as quotient

n—1

Q = Ocnero/(nz + > vzzi™h),

v=0
and the class of e, is identified with —z. As these elements generate that module
over f*(Ogn+1 ) this proves that Exz_(f,C) = 0. With other words, f is rigid. In
the theory of singularities of mappings, such maps are also called stable.

In section 1.2 we investigated integration of vector fields and applied this in the
context of finite determinacy of hypersurface singularities. We will now give the
promised interpretation of this in terms of Kodaira-Spencer classes which allows to
generalize the results of section 1.2 to the case of other groups.

We first consider the general situation.

4.2.7. Let p: F — An(x o) be a local deformation theory. For a € F'(S,0) with
a germ (S, 0) assume that there is an infinitesimal automorphism a € Aut(a, Og)
such that the image, say 9, of a in

Derx(Os,0, Os,0)

is a derivation with 6(¢t) = 1 for some t € mgy. According to 2.1.5 we obtain a
decomposition (S5,0) = (Sp x C,0) by integrating §. We will say that a can be
trivialized along § if there exists an isomorphism
a = pr*(alSo)
where pr: § = Sy x C — Sy is the projection.
DEFINITION 4.2.8. A deformation theory is said to admit integration of vec-

tor fields if in the above situation every objects a € F(S) for which there is an
infinitesimal automorphism « as above can be trivialized along 6.
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Let a € F(C,0) be a deformation over (C,0). In view of the Kodaira-Spencer
sequence 3.3.4

Aut(a, O¢g) — Der(Oc,0, Oc0) —5 Ex(a/S, Oc,o)
the integrability of a vector field is decided by the Kodaira-Spencer class, namely:

THEOREM 4.2.9. Let p: F — Angy ) be a deformation theory admitting inte-
gration of vector fields. Let a € F(C,0) be a deformation of ag. Then a is trivial
iff the Kodaira-Spencer class 0xs(0/0t) € Ex(a/S, Oc,o) vanishes.

PROPOSITION 4.2.10. Let G be one of the groups R, L, A, C, K or one of the
associated extended groups. Then the corresponding deformation theory p : Eq —
Germs admits integration of vector fields.

PROOF. Let us treat the case that G = R. First observe that an element of
Autg, (F, Og) is a pair (g, ) where 1 is an S-automorphism of (S[Og],0) and g €
G(Og) is an element with g.F = ¢*(F). This element maps to § € Der(Og,0, Og,0)
if p = 1—ed. Moreover g is an X-automorphism of (X[Ox], 0) and has therefore the
form 1—0 for some derivation § € Der(Oxxs,0, Oxxs,0)- The equation g.F = ¢*(F)
just means that (8,8) is a pair of compatible derivations, i.e. the diagram

-
Os0 —— Oyxso —— Oxxso0

(ﬂ proj*@)l sl

Oso —— Oyxso £, Oxxs,0
commutes.

Now assume that 6(¢) = 1 for some element ¢ € mgo. Applying 2.1.7 we
obtain that there are isomorphisms & : (S,0) — (S x C,0) and A : (X x S,0) —
(X x Sy x C,0) which are compatible, i.e. (h x idy)o F = F o h.

The proof in the case of £- and A-equivalence is the same.

In the case of C-equivalence observe that G(S,0) can be identified with the set
of all S-automorphisms ® of (X x Y x S,0) of the form

¢($>y7 S) = (CL‘, <P(£C,y, 5)7 ‘9)

where ¢(z,y, s) is linear with respect to y. Thus we can again apply ?? as above to
obtain integration of vector fields for C-equivalence. The case of K(.)-equivalence
now follows similarly by interpreting the elements of K(.)(S,0) as S-automorphisms
D of (X xY x85,0) of type

‘b(ﬂi, Y, 8) = (q)l(x7 8)7 QO(.’E, Y, S)a 8)
where (®(z,s), s) gives an automorphism of (X x S,0) and p(z,y,s) is linear in

y. This concludes the proof. (I

EXERCISE 4.2.11. Show that the following maps are rigid with respect to A.-
equivalence:

f:(C*0)— (C,0), (zl,...,zn)r—>zf+~~~+zz;

(

C*0) — (C*0), (21,...,24) (21, 20,25 + 2124, 23 + 2223);
(Cg,O) — ((CQ,O), (21,29,23) — (zl,zg + zg + 2123).

f:
f:
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4.3. Finite Determinacy

We start by the following immediate application of 4.2.11 which is our basic
criterion.

PRrROPOSITION 4.3.1. Let G be one of the groups R, L, A, C, K or one of the
associated extended groups. Let F € E(C,0) = mg{x@,o be a 1-parameter unfoldings
of f:(X,0) — (CP,0). Then the following are equivalent.

(1) F is G-equivalent to fc : (X x C,0) — (CP x C,0).
(2) OF/ot e TG(F).

ProoF. This follows immediately from 4.2.11 and the fact that the Kodaira-

Spencer class dxg(0/0t) is given by the class of 9F/dt in

Exq(F/C,Oc,0) = O%XQ’O/TG(F),
see 4.2.3. O

Consider in particular an unfolding of the form
Fy(@,t) := f(x) + h(t)g(z) € E(C,0)

with f,¢: (X,0) — (C?,0) mapping germs and h € Oc a holomorphic function.
Applying 4.3.1 yields the following more technical criterion.

LEMMA 4.3.2. Let G be one of the groups considered in 4.3.1. Assume that
h(0) = 0 and that
(1) TG(Fy) 2 TG(fc) in O% ¢
(2) g €TG(f).
Then f x idc and Fy, are G-equivalent.

PROOF. There is a canonical map from T'G(f) into TG(fc). Thus from (1) and
(2) we obtain that the Kodaira-Spencer class dxs(9/0t) = h'(t)g of F}, vanishes in
Exq(Fr/S,Ocp). As Fy(z,0) = f(x), the result follows from 4.3.1 O

LEMMA 4.3.3. Let G be one of the groups R, L, A,C,K. Assume that for every
function h € Oc,y we have
(1) TG(Fy) 2 TG(fc) in O, cp
(2) g €TG(f).
Then f and f + g are G-equivalent.

PROOF. Set Fi, = f + tog, Fio4t := f + (t + to)g, considered as germs in
O% co- It suffices to show that Fy, and Fy, 4 are G-equivalent for every to € C.
For the (not extended) groups G under consideration, each v € G(C,0) satisfies
Y (mxO% ) € mxO% o 50 that the section 0 x C in X x C is preserved. By
our assumption (1)

TG(Fyo+t) 2 TG(fc).

Using again that TG(f) is contained in TG(f¢), assumption (2) implies the desired
result as in the proof of 4.3.2. |

Applying this to R-equivalence gives the following explicit criterion.

COROLLARY 4.3.4. Let f,g € mXO%O be p-tuples of functions on (X,0). As-
sume that TR(g) C mxTR(f) and g € TR(f). Then f and f+g are R-equivalent.
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PrOOF. By 4.3.3 it is sufficient to prove that for h € Oc, F := f + h(t)g

(a) TR(F) =TR(f x idc).

(b) g € TR(f).
Clearly (b) follows immediately from our assumption. For the proof of (a) observe
that the left hand side is generated by the elements ¥(F),J € Ders(Ox xc, mxOxxc,0)-
By assumption

O(F) = 9(f) = h(t)9(g)
lie in mxTR(fc) C TR(f x idc). Thus (a) follows from Nakayama’s lemma. O

Let us specialize this to the case of functions f,¢ : (X,0) — (C,0). Here
TRe(f) is the ideal in Ox o of all §(f) with § € Der(Ox 9, Ox,0). In analogy with
the case X = CV (see 2.1.8) we call this ideal the Jacobian ideal of (X,0) and
denote it by jac(f), i.e. TR(f) = jac(f) and TR(f) = mx jac(f). Hence we get

COROLLARY 4.3.5. If mxjac(g) C m?jac(f) and g € mx jac(f) then f and
f + g are R-equivalent.

A similar result holds for K-equivalence.

COROLLARY 4.3.6. Let f,g € mXO’)’(’O be p-tuples of functions on (X,0). If
TK(g) CmxTK(f) then f and f + g are K-equivalent.

PrOOF. With the notations of the proof of 4.3.4, we need to show that that
(a) TK(F) = TK(f x idc), and (b) g € TK(f). Since g lies in TK(g) (b) is a
consequence of the assumption. Using the lemma of Nakayama as in the proof of
4.3.4 also (a) follows. U

Comparing ?? and 4.2.5 (5) we get for an unfolding F' : (C™ x S,0) — (CP,0)
that the modules TKC(F) and ) F;O% 5 o+mx jacg(F) of Ok g, coincide. There-
fore 4.3.5 is an improvement of 2.2.2. We also note the case of a function f :
(X,0) — (C,0). Here TK.(f) is the ideal generated by f and jac(f), and TK(f) =
(f) +mx jac(f), and we get:

COROLLARY 4.3.7. Let f,g: (X,0) — (C,0) be functions. If (g) + mx jac(g) C
m(g) + m%TK(f) then f and f + g are K-equivalent.

REMARKS 4.3.8. (1) Similarly, f, g are C-equivalent if TC(g) C mxTC(f), i.e.
if g; Emyx - Zj ijX,O for all 3.

(2) In case of a homogeneous function f : (C™, 0) — (C,0) the module mjac(f)
contains f. Hence, if for an arbitrary function g € O¢n o we have that (x) mjac(g) C
m% jac(f) then f and f + g are R-equivalent. In fact, if () holds then it is also
satisfied for every homogeneous component, say g,, of g. By the Euler identity we
have g, € m% jac(f), and so g € m% jac(f).

We now turn — similarly as in sect. 1.2 — to finite determinacy. This notion
can be introduced for arbitrary groups acting on map germs.

DEFINITION 4.3.9. Let G be a homogeneous group valued functor acting on E.
A map germ f : (X,0) — (CP,0) is called r-G-determined if for every map germ
g : (X,0) — (CP,0) with ¢ = f mod m;gfé the germs f and g are G-equivalent.
Moreover, f is called finitely G-determined if it is r-G-determined for some r € N.
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In the smooth case (X,0) = (C",0), if f € O% ; and f, denotes its r-jet, i.e. its
Taylor expansion up to order r, then f is r-G-determined iff f, is r-G-determined.
In particular, if this is the case then f and f,. are G-equivalent, i.e. f is G-equivalent
to a polynomial map.

THEOREM 4.3.10. Let f : (X,0) — (CP,0) be a holomorphic map germ and G
one of the groups R, L, C, K, A. Wesete =¢(G) =1if G=R, C or K, and
e=¢e(G)=2forG=Lor A. If

my Ok o € TG(/)
then f is (er + 1)-G-determined.

PRrROOF. The claim is that f and f 4 g are G-equivalent for every g € mi?”.
For the cases G = R, K, C this is just 4.3.4, 4.3.6 and 4.3.8. Now assume that
G = L. By 4.3.3 it is sufficient to show that for h € O¢ and F := f + h(t)g

(a) TL(F) = TL(fc),

(b) g € TL()).

By assumption, (b) is satisfied. For (a) consider the Taylor expansion

F* () = (fc)*(p) = o(f +hg)—o(f)

where ¢ € mcr o and y1,...,y, are the coordinates of CP. This expansion shows
that F*(p) — (fc)*(p) is contained in m3 ™M, where M := O% .co- Thus with
I:= m;;rl we get
TL(F)+I*M =TL(fc) + I* M,

and by assumption I M is contained in T'L(fc). By the lemma below IM C TL(F)
and so (a) follows.

Finally, in the case G = A we again have to show that (a) and (b) above hold
with T'L replaced by T'.A. With the same arguments we get that

TL(F)+TR(F)+I’M =TL(fc) + TR(fc) + I*M

and that IM is contained in T'L(fc) + TR(fc). Applying the lemma below to
M := M/TR(F) and the image, say N, of TL(F') in M we obtain that IM C N.
Hence IM C TL(F) + TR(F) which gives (a). O

The following lemma is a variant of Nakayama’s lemma which was shown by
du Plessis [Ple].

LEMMA 4.3.11. Let (A,n) — (B, m) be a homomorphism of analytic algebras,
M a finitely generated B-module and N C nM an A-submodule which is finite over
A. Assume that I Cm is an ideal in B such that

() IMC N+ I2M.
Then IM C N.

PrOOF. The hypothesis implies IM C BN + I?M. By Nakayama’s lemma
IM C BN. Hence I?M C nIM. Substituting into (*) gives

(%) IM C N +nIM.
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In particular IM/nIM is a finite A-module. By the preparation theorem ?? IM
is finite over A. Applying Nakayama’s lemma to the inclusion of finite A-modules
(xx) we get IM C N. O

REMARK 4.3.12. There is also a converse to 4.3.10. If f is k-determined then
m’}}“@%o C TG(f). For a proof we refer the reader to [Wal, Theorem 1.2 (i)]

REMARK 4.3.13. The above results hold m.m. for unfoldings, with almost the
same proofs! For instance, let F : (X x S,0) — (CP,0) be an unfolding of f(z) :=
F(z,0) and let G, € = ¢(G) be as in 4.3.10. If

my 0% 50 € TG(F)

then F is (er + 1)-G-determined, i.e. every map F with F — F € mi}"'ﬂ is G-
equivalent to F.See [BF1] for a proof.

4.4. Theorems of Mather-Yau Type

Let f,g € Ocn o functions defining hypersurfaces Hy and H, in a neighbour-
hood of 0. If (H,0) and (Hg,0) are isomorphic then also their Jacobian algebras
Ocn 0/ jac®(f) and Ocn o/ jac®(g) are isomorphic. In this section we will give a proof
of the surprising fact that also the converse holds provided that the singularities
are isolated. More precisey, we will show that the following result holds.

THEOREM 4.4.1. (Mather-Yau) Let f,g € Ocn o be functions and assume that
f defines an isolated hypersurface singularity. If the Jacobian algebras

Ocno/jac(f) and  Ocn o/ jac(g)

are isomorphic then f and g define isomporphic hypersurface singularities.

This theorem will be deduced as a special case of a more general result, see 77
below. We also give a similar result for the A-equivalence. We will use the following
notations.

4.4.2. Let (X,0) be a germ of a complex space. By mxOx o we denote the
maximal ideal. For a p-tuple of functions f on (X,0) and a germ (S,0) we will
denote by fs the map fs(z,s) := f(x). If F is an unfolding of f over the germ (S, 0)
then by Jr : Ders(Oxxs,0, Oxx5,0) = O% g0 we indicate the map § +— 3(F).

We start with the following variant of 4.3.6.

LEMMA 4.4.3. Let f,g € mXO’)’(’O be p-tuples of functions on (X,0). If
TK(g) C TK(f) then for e sufficiently small the germs f and f + eg are K-
equivalent. The same holds if K-equivalence is replaced by K.-equivalence.

Proo¥r. Consider the unfolding F':= f+tg of f,ie. FF € Oxxc,0. We need to
show that F' and fc are K-equivalent. By the criterion 4.3.2 we must verify that
(1) TK(F) 2 TK(fc).
(2) g € TK(S).
By our assumption, (2) holds. For the proof of (1) observe that
TK(Fp) +tTK(g9c) = TK(fc) + tTK(gc)-

As TK(g) C TK(f) the lemma of Nakayama gives (1). O
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In the case of K-equivalence the most general Mather-Yau type theorem is the
following result, see [GHa], or [BF1, 5.1]

THEOREM 4.4.4. Let f,g € mXOI))(,o mapping germs with TK(f) = TK(g) in
(’)1;(’0. Then f and g are K-equivalent.

ProoF. Consider the mapping germ F' = (1 — t)f + tg, which is defined in
some neighbourhood, say U, of 0 x C in X x C. By 4.4.3 the mapping germ
F is K-equivalent to fc(z,t) := f(z) resp. gc in a neighbourhood of (0,0) resp.
(0,1) in X x C. Thus it suffices to show that the (open) set V of t; € C such
that F is K-equivalent to Fy, := (1 — to)f + tog in a neighbourhood of (0,%g)
in X x C, is connected. We claim that this set is even Zariski-open. Consider
the homomorphism of sheaves Jp : Derc(Oy, mxOy) — OF,, which is given by
d +— 6(F). The sheaf

Eax(F) = O%/(Im(Jp) + Y FO%),

is coherent on U. The Kodaira-Spencer class dxs(0/0t) may be regarded as a
section in Exx(F). The set V is just the set of points ¢y such that the germ of
0k s(0/0t) at (0,tg) vanishes, see 4.3.1. As Exx(F) is coherent, the support of
0k s(0/0t) is a Zariski-closed subset and so V' is Zariski-open. O

For the extended contact equivalence one can prove a similar result provided
that f defines an isolated singularity.

THEOREM 4.4.5. Assume that f,g € mg((?é’go are mapping germs such that
Z := f~40) has an isolated singularity at 0. Then TK.(f) = TK.(g) implies that
f and g are K-equivalent.

PROOF. Set again F':= (1 —t)f +tg. Let V be the open set of all ¢, € C such
that I is K-equivalent to Fi, in a neighbourhood of (0,%p). The argument of the
proof of 4.4.4 shows that V is Zariski-open. We will show that it contains 0 € C. In
fact, by 4.4.3, applied to f and H = f + h(t)g with h(t) =t/(1 —t), we get that H
and fc are Ke-equivalent in a neighbourhood of (0,0) € X x C. This equivalence
induces in particular an C-isomorphism « from Z x C onto Z := H~1(0) near
(0,0). As f,g € m%@%m the set 0 x C is contained in Sing(Z). Moreover, under
the isomorphism o~ the set Sing(Z) is mapped onto Sing(Z) x C = 0 x C so that
0 x C is preserved, and the given equivalence is already a K-equivalence.

Similarly, applying 4.4.3 to g and G = g+h(t)f with h = (1—t)/t around ¢t = 1,
we get that G and g¢ are K.-equivalent in a neighbourhood of (0,1) € X xC. As V
is Zariski-open the mapping germ Gy, (x) := G(x, 1) is equivalent to f for to near
1, tp # 1. In particular Sing Gt_o1 (0) = 0 for such t,. Moreover, 0 € Sing(g~1(0)) as
g € m%O%. Tt follows that the K.-equivalence between G and gc preserves (0, o),
for ¢ty # 1, to near 1, and hence also 0 x C in a neighbourhood of (0, 1). O

When we specialize this to the case of complete intersections we get the follow-
ing more explicit result.

COROLLARY 4.4.6. (see [GHa] ,2. (5)) Let (X,0) and (Y,0) be complete
intersections of codimension p with isolated singularities in C™ which are given by
p-tuples of functions f = (f1,...,fp) resp. g = (g1,...,9p). Assume that

Tx,0 = Ot o/ jac’(f) and Ty := Of. o/ jac(g)
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are isomorphic in the sense that there is an automorphism ® of C™ such that these
modules are isomorphic as Ocn o-modules. Then (X,0) and (Y,0) are isomorphic.

Proor. We may suppose that Tx o = Ty,9 as Ocn g modules. Then Tx g =
Ot o/TKe(f,C) and Ty, = O ;/TKc(g,C). After passing to another minimal
system of generators of the ideal of Y we may suppose that the isomorphism T’y g =
Ty, is given by the identity on OF, ,. Now 4.4.5 implies the desired result. (]

PROOF OF 4.4.1. In the case of of functions, i.e. p = 1, the modules Tx o,
Ty,0 in 7?7 are just the Jacobian algebras of the functions f resp. g. Hence an
isomorphism in the sense of 7?7 is up to a constant an algebra isomorphism of the
Jacobian algebras. Thus 4.4.1 follows. |

REMARK 4.4.7. (1) The result 4.4.3 holds for R—-equivalence as well — by the
same proof — provided that f € TR(f,Og) and g € TR(g, Og). For S a point and
p = 1 this is the case if f and g are quasihomogeneous.

Moreover, if we assume that f~1(0) has singularity set 0 and f, g are in m3 0%,
then R can be replaced by R.. This is easily seen by the same argument as in 4.4.4.
For similar results see also [GHa, 2.(8)] and [Sho].

In the remaining part of this section we will prove a theorem of Mather-Yau
type for A-equivalence. First we show the following local result.

PROPOSITION 4.4.8. Let f,g € mXO’))(’O be mapping germs such that Exi(f,C)
is a finite dimensional vector space over C and T A(g) C T.A(f). Then the mapping
germs fc(x,t) := f(z) and F:= f +tg in O% ¢ are A-equivalent.

Proor. We set A := Ocrxc,0, B := Oxxc,o and A= Ocr o = AJtA, B =
B/tB, where t is the coordinate function on C. Let Jp : Derc(B, mxB) — B? be
the canonical map. As Derc(B, mx B) = Der(B,mxB) ®o, , B we have

Exc(f,C) = BP/Im(Jr ®p B) + Z fiBP)
= (BP/Im (Jp)) ®4 (A/(mcr A+ tA)).

By assumption this is a finite dimensional vector space over C = A/(mcr A + tA).
The preparation theorem gives that B? /Im(JF) is a finite F*(A)-module. It follows
that

Exa(F/C, Oc,) = B”/(Im(Jp) + F*(mc» A))
is finite over F*(A). The same argument gives that Ex4(fc/C, Oc,) is finite over
(f x idc)*(A). For ¢ € AP consider again the Taylor expansion

(Fide) (9) = (F x ide) (o) = 3= 56 xide)” (.2 (o'
i#0 v Y
i€NP
Every term in this series is zero in the finite (f X id¢)*(A)-module Ex 4(fc/C, Oc,o)
by our assumption, and so (F,idc)*(¢) = 0 mod T'A(fc, Oc,0). Thus
TA(F,Oc,) € TA(fc,Oc,0),

and the quotient, say @, satisfies Q = tQ as both restrict to TA(f, C) modulo ¢t. As
Q is a C{t}-submodule of the finite F*(A)-module Ex4(F/C, Oc¢ ), it is t-adically
separated and so @@ = 0, whence

TA(F) =TA(fc)-
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Now the desired result follows from 4.3.2. O

THEOREM 4.4.9. Let f,g € mxO% , be mapping germs such that Exx(f,C) is
a vector space of finite dimension. If the subsets TA(f) and TA(g) of O% , are
equal then f and g are A-equivalent.

PROOF. As in the proof of 4.4.4 we consider the unfolding F := (1 — t)f + tg.
Since TK(f) is the Ox g-submodule generated by T'A( f) it follows that Exx(g,C) =
Exx(f,C). The proposition above shows that F' and fc are A-equivalent in a
neighbourhood of ¢ = 0 whereas F' and g¢ are A-equivalent near ¢ = 1. Thus it
is sufficient to show that the (open) set V' of points ¢ty € C, where F' and F}, =
(1 —to)f + tog are A-equivalent in a neighbourhood of t, is connected. We claim
that the complement of this set is countable. Consider

Exp(F) = OZ[}/(IHI(JF) + F* (mcp(’)(’épxc,o)),

which is a sheaf in some neighbourhood U of 0 x C in X x C. The Kodaira-Spencer
class dxs(0/0t) of F may be considered as a section in Ex 4(F). By assumption

Exx(F) := O /(Im(Jp) + > F,0%)

and then also Of,/Im(Jr) is quasifinite over C? x C at (0,0) € X x C, and since
Exi(f,C) = Exx(g,C), it is also quasifinite over C? x C at (0,1). The points where
a map is quasifinite, are just the points where the fibre dimension is 0. Therefore
we can apply Remmert’s semicontinuity theorem [Fis, 3.6] to obtain that the set
U’ of points (z,t) € U where OF,;/ Im(Jr) is quasifinite over C? x C, is Zariski open
in U. Applying 4.4.10 below to

Z=(0xC)nU’

U’ »Y =CP xC

and the natural map
u: (FIU)HO}) — 0F, ) Im(Jr),

shows that the section dx/g(0/0t) in Ex4(F) = Coker(u) vanishes on a nonempty
set that is Zariski-open in some Zariski-open subset of Z. Thus the complement of
the set V' C C above is countable as claimed. ([

Z
x—r .y
be a diagram of complex spaces such that i,j are closed embeddings. Let u :

F*(N) — M be a morphism of Ox-modules, where N' € Coh(Y) and M €
Coh(X). Assume that

LEMMA 4.4.10. Let

supp(M) N F~(j(2))
is quasifinite over Y. Then for a section m € T'(X, M) the set
V={zeZ:meImWN. — M)}

cuts out a Zariski-open subset in some Zariski-open dense subset W of Z.
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PROOF. Replacing X by supp(M) equipped with the structure given by the
coherent ideal sheaf Ann(M) C Ox, we may assume that Z' := F~1(j(2)) is
quasifinite over Z 2 j(Z). Obviously we may assume that Z is reduced, and we
equip Z’ with its reduced structure. Then the ramification locusT' C Z' of F' : Z' —
Z = j(Z) is analytic and nowhere dense in Z’. Let Z"” C Z' be the union of all
irreducible components which are not contained in i(Z). Replacing X by X\ (TuZ")
and Z by Z\T we may assume that F : Z' = j(Z) is an isomorphism. Let Ox|Z =
i~1(Ox) be the topological inverse image of Ox, similarly for Oy |Z, M|Z,N|Z.
By 4.4.11 below the sheaves of rings Ox|Z, Oy|Z are coherent, and M|Z, N'|Z are
coherent modules over Ox|Z, Oy |Z respectively.

We claim that Ox|Z is a coherent Oy |Z-module. This is a local problem around
a point z € Z, and so after replacing X,Y by suitable neighbourhoods of z in X
resp. Y we are reduced to the case that F is finite. By now F,(Ox) is a coherent
Oy-module and so F,(Ox)|Z is coherent over Oy |Z. As Z' = F71(j(Z)) — j(2)
is bijective the canonical map F,(Ox)|Z — Ox|Z is an isomorphism in every stalk
and so F,(Ox)|Z ~ Ox|Z is coherent over Oy|Z, proving the claim.

Let m-Oy|Z C (M|Z)/(N|Z) be the subsheaf generated by the class m of the
given section m € I'(X, M). As M|Z, N'|Z are coherent over Oy |Z, this subsheaf
is coherent. Thus V = Z\ supp(mQOy|Z) is Zariski-open in Z, and we are done. [

LEMMA 4.4.11. Let f: X — Y be a morphism of topological spaces and Oy a
sheaf of rings on' Y. Then for every coherent Oy -module N the topological inverse
image f~Y(N) is a coherent sheaf of f~1(Oy)-modules.

The proof follows easily from the fact that f~! is an exact functor. We leave
the simple argument to the reader.

REMARKS 4.4.12. (1) Assume that f, g € mg((’)g(’o and that f~1(0) has isolated
singularity at 0. Then 4.4.9 is also valid for the group A.. This follows with similar
arguments as in 4.4.5.

(2) The results of this sections can be generalized to unfoldings. For the proof
we refer the reader to [BF1, sect. 5].

REMARK 4.4.13. Let f : X — Y be a morphism of topological spaces and
M, N sheaves on X resp. Y. If u: f~1(N) — M is a morphism of sheaves and
m € I'(X, M) is a section then the set

V={reX:meImWNyy — M)}

is open in X. We do not know whether this set is Zariski-open if X,Y are complex
spaces and M, N are coherent. In the algebraic case this is tautologically true as
V' is open hence Zariski-open.

REMARK 4.4.14. Evtl. Problem aus der Dimca Arbeit erwaehnen.

4.5. Versal Unfoldings

In the last section of this chapter we will examine versality of unfoldings. Our
main result will be that every unfolding — for each of our standard groups —
admits a versal unfolding provided that its space of infinitesimal deformations over
the double point is a finite dimensional vector space. We will even do this for
quite general groups acting on unfoldings. However, the versal unfoldings that we
construct are not versal in the full sense of our definition, see 3.4.8, but only in a
restricted sense. To be precise, our main result is the following theorem.
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THEOREM 4.5.1. Let G be one of the groups R, L, A, K , C or one of the
associated extended groups. If f : (X,0) — (CP,0) is a mapping germ with k :=
dim¢ Exg(f,C) < oo then f admits a deformation F € E(S,0) over some smooth
germ (S,0) of dimension k such that every other unfolding of f can be obtained
from F by base change, i.e. if H is another unfolding over some germ (T,0) then
there is a morphism o : (T,0) — (S,0) such that H and o*(F) are G-equivalent.

In particular it follows that H is a formally semiuniversal deformation of f
in Eg, see 3.4.17. What is missing for versality is the full lifting property (FV)
for arbitrary embeddings (7,0) — (7”,0) in 3.4.8. We remark that one can also
proof that there are versal deformations but all the proofs we know require Banach
analytic methods which are behind the scope of this books. We refer the reader to
e.g. [BKo], or [Fle].

To start with the proof we formulate first three properties on a group G acting
on unfoldings that will enshure the existence of versal deformations in our weaker
sense.

4.5.2. Let E : Germs — Groups be the functor of unfoldings and G a group
acting on F satisfying the assumptions of 4.1.7 so that Eq¢ — Germs is a deforma-
tion theory. We assume that for a fixed element f € E(0) the following conditions
are satisfied.

(1) For every deformation F' € E(S,0) of f the module Exg(F, Og) is finite
over Og .
(2) E¢ — Germs admits integration of vector fields.

EXAMPLE 4.5.3. Let G one of the standard groups considered in 4.5.1. Assume
that f : (X,0) — (C?,0) is an element in E(0) such that Exg(f,C) = O% ,/TG(f)
is a finite dimensional C-vector space. Then the conditions (1) and (2) in 4.5.2 are
satisfied for E and G. In fact (2) holds by 4.2.11. In order to prove (1) observe
that

Exg(f,0s0) = 0% 50/TG(f)
is an Ogrx s,0-module, which for each of the groups G in question can be written
as M/N, where M is a finite Ox« g,0-module and N is finite over Ogrxs,0. As by
assumption M /(N + mgM) is finite dimensional over C it follows that M/mgM
is finite over Ocr 9. Thus by Weierstrall’ preparation theorem M is finite over

Ocrxs,0- Applying again the preparation theorem to the finite Ocry g, 0-module
M/N it follows that M/N is Og -finite.

Now 4.5.1 follows from the following more general result.

THEOREM 4.54. Let E,G, f € E(0) be as in 4.5.2. Then f admits a defor-
mation F € E(S,0) over a smooth germ of dimension dimExqg(f,C) such that
every other deformation H € E(T,0) can be obtained from F by base change
a: (T,0) — (S,0), i.e. H=a*(F).

The proof of 4.5.4 will be based on a lemma and proposition that we formulate
and prove first.

LEMMA 4.5.5. Let E,G and f be as in 4.5.2 and F € Eg(S) a deformation of
f over a germ (S,0). Then the following holds.

(1) The functor N — Exg(F/S,N) on Coh(S) is right exact.
(2) EXG(F/SaN) = EXG(F/Sv OS) ®os N.
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(3) If S’ C S is a closed subspace and N a finite Ogr-module then with F' :=
F|s
Exg(F/S,N) =2 Exg(F'/S",N).

PRrROOF. That the functor considered in (1) is halfexact is contained in 3.3.3 (3).
Moreover, that it is right exact follows from the fact that E(S[N]) — E(S[N"]) is
surjective for any surjective morphism A" — N of Og-modules. (2) holds for any
right exact functor on Coh(S), see [Har, III 12.5]. Finally, (3) holds generally for
any deformation theory, see 3.3.6 (]

PROPOSITION 4.5.6. Let S = (S,0) be a smooth germ, H € E(S x C",0) a
deformation of f and set F:= H|(S x 0). Assume that the Kodaira-Spencer map
0ks : Der(Og,C) — Exg(a/S,C)

is surjective. Then there is a map 7 : (S x C",0) — (S,0) such that H and 7*(F)
are G-equivalent by an element of G(S x C",0) that restricts to the identity over
S=S5x0.

Proor. It is clearly sufficient to treat the case » = 1. Let ¢t € Oc be the
coordinate function and {¥;} a basis for Der(Og, Og). Then {9; ® 1} forms a basis
of the Ogxc o-module

Derc(Osxc,0, Osxc,0) = Der(Os, Os) ®ogs Osxc,o € Der(Osxc,0, Osxc,0)-
Under the Kodaira-Spencer map
dxs : Der(Ogxc,0, Osxc,0) — Exq(H/S x C,Osxc,0),

the elements ¥; ® 1 are mapped onto a generating set of Exg(H/S x C, Ogxc,0),
since this is true modulo mgyc by assumption, see 4.5.5 (2), (3). Thus there is an

equation
0
6KS(E) =0Ks (;aiﬂi ® 1) ,
for some a; € Ogxc,0. Accordingly, the derivation § := 9/9t — > a;(¥; ® 1) maps

to zero under dxg and satisfies §(¢) = 1. Integration of vector fields yields the
claim. 0

PROOF OF 4.5.4. . Let V be the vector space dual to Exg(f,C), and Sy the
trivial extension of the point 0 by V. Let f; € Eg(S1) be a deformation of f
inducing the canonical element in Exg(f, V), i.e. the element corresponding to idy
under the canonical isomorphism

EXG(f7 V) = EXG(f, (C) ®RcV & HOHI([:(VY, V)

The element f; can be lifted to an element F' € E(S,0) if (5,0) is a smooth germ
with first infinitesimal neighbourhood S;. By construction the Kodaira-Spencer
map
Ok s : Der(Og,C) — Exg(F,C)

is bijective. We claim that F satisfies the required property, i.e. every deformation
H € E(T) of f is induced from F over a suitable map (7,0) — (S,0). If (7,0)
is a closed subspace of a smoth germ then H can be lifted to that smooth germ.
Therefore we may assume that (7', 0) is smooth. Consider the product S x T and
denote by pr;, i = 1,2 the projection onto the i-th factor and by pr the morphism
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to 0. Using the group stucture on E we can form ® := pri(F) + pri(H) — pr*(f).
By construction, ® induces F', H on S = (Sx0resp. T = 0xT. Using 4.5.6 there is
amap 7 : (SxT,0) — (5,0) such that ® and 7*(F') are G-equivalent by an element
of G(S x T,0) restricting to the identity on S 2 S x 0. Thus, if ¢ : (T,0) — (S,0)
is the composition of T 2 0 x T — S x T and 7, we get ©*(F) = H in Eg with an
isomorphism inducing the identity on f. t

4.5.7. The proof also shows how to compute the semiuniversal unfolding in the
weak sense of 4.5.1 of a map germ f : (X,0) — (CP,0). For this take elements
g1, 9m € O% o which form a basis of O% ,/TG(f). Then

m
F(z,81,...,8m) = f(2) + Z Sulp
pn=1

is an unfolding as in 4.5.1.

EXAMPLE 4.5.8. Let us compute the semiuniversal unfolding (in the weak
sense) of the polynomial f(z) = 2™ in one variable z. Here Exg(f,C) = Oco/TG(f).
We get

TK(f) = TR(f) = TC(f) = 2"Oc.0
whereas
TKe(f) = TRe(f) = 2" Oco.
The (formally) semiuniversal unfoldings are given by

F(z,a0,...,an_1) = 2"+ a, 12"t + -+ ag in the cases G = K, R, C,
and by

F(z,a0,...,an_2) = 2" 4+ ay,_22" 2+ - + ag in the cases G = K., Re.

In the cases G = L, L. the group TG(f) can be identified with C{z"} C
C{z} resp. zC{z"}. As the cokernel is not finite dimensional there is no versal
deformation. In the case G = A the (formally) semiuniversal unfolding is the
same as for R-equivalence. Finally, for A.-equivalence T\ A.(f) = C + 2"~ *C{z}.
Hence in this case F(2,a1,...,a,_2) = 2"+ ay_22""2+ -+ a1z is the (formally)
semiuniversal deformation.

Take now an arbitrary unfolding H(z,s) over some base space (S5,0) with
H(z,0) # 0 so that H(z,0) is C-equivalent to 2™ for some n € N. We obtain H
by base change from the (formally) semiuniversal deformation. With other words,
we find a unit u € Ocxs,o such that H can be written in the form H = uwP with
P=2z"+a, 1(5)2" 1+ -+ ap(s), whence we get back the Weierstra’ prepara-
tion theorem. Similarly, H is right equivalent to a polynomial P as above, and
R-equivalent even to one with a,,_; = 0.

As another example we show how one can derive the classical Morse lemma in
a simple way. Let A denote the ring Ocn o and m its maximal ideal.

PROPOSITION 4.5.9. (Morse lemma) Every function f € m? is R-equivalent to
a function of the form
22422 4 g(Zhg1s s Zn)

for some k where g(241,- .., 2,) € m3.
PRrROOF. Write f = g+ h where ¢ is a quadratic polynomial and h € m3. After

coordinate change — which corresponds to an R-equivalence — we may assume
that ¢ = 27 + --- + 22. Write 2/ := (21,...,2;) and 2” := (2k41,...,2,). The
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function ¢ on (C*,0) is 2-determined by ??. Hence q and f(2',0) = ¢+ h(2’,0) are
R-equivalent under some right equivalence ¢ € R(C*,0). Applying ¢ X idc_,,_j to
f we are reduced to the case that f(z/,0) = q.

With other words, f can be considered as an unfolding of ¢ over the space
(8,0) := (C"*,0). The (formally) versal deformation is given by Q(z1, ..., 21, t) :=
q + t which is an unfolding of g over (C,0). By versality, there is map g : (S,0) —
(C,0) such that f is R-equivalent to ¢*(Q) = ¢+ g. O

The most important application of the preceding results is that complete inter-
sections with isolated singularity admit a semiuniversal deformation in the weaker
sense.

THEOREM 4.5.10. Let (Xo,0) be a complete intersection with an isolated sin-
gularity. Then there is a deformation f : (X,0) — (S,0) such that every other
deformation of (Xo,0) is obtained from f by base change and which is formally
semiuniversal.

PROOF. Choose an embedding (Xp,0) — (C",0) such that (Xj,0) is given
by equations fi,...,fr € Ocno where r = n — dim X. Then the unfoldings of
f:="(f,..., fr) are in 1-1 correspondence with the deformations of (X, 0). More
precisely, the category of all unfoldings of f is equivalent with the category of all
deformations of (Xp,0). Using 4.5.1 the result follows. O

EXAMPLE 4.5.11. Let us consider the simple example of an isolated hyper-
surface singularity (Xo,0) C (C",0) given by f € Ogn . To compute the semi-
universal unfolding (in the weak sense of 4.5.10) of f we choose elements, say
915 - -5 9m € Ocn g, forming a basis of the vector space Ocn o/ jac®(f). By 4.5.7 the
formally semiuniversal unfolding is given by

F(z,81,...,8m) = f(2) + Z SuYu-
p=1

Accordingly, the formally semiuniversal deformation of Xy is
7 (X,0) := (F~'(0),0) — (C™,0)

where 7 is the projection.



CHAPTER 5

Properties of Versal Deformations

5.1. Smoothness of the basis of the versal deformations

In this section we will develop criteria for when the basis of the (formally) semi-
universal deformation is smooth. Our approach is based on a criterion essentially
due to Z. Ran which works generally for any deformation theory. It states that the
basis is smooth as soon as the Ex-functors describing infinitesimal deformations
are right exact. There are many applications including deformations of Calabi-Yau
manifolds, manifolds with H?(X,©x) = 0 and deformations of modules to which
we return later. We emphasize that for this approach no obstruction theory is
needed.

In the first result we consider the following setup. Let p : F — An(y o) be a
local deformation theory and assume that ag € F(0) admits a formally semiuniversal
deformation @ € F/(S,0), see ??. As in 3.3.1 we have the functors

Ex(s,0)(b/T, M), Ex(s0)(b, M)
Auts ) (b/T, M), Auts 0y (b, M)
for any b € F lying over (T,0).
THEOREM 5.1.1. Assume that for every b € F(T') over an artinian basis T =
(T,0) € An(x o) the functor
M — Ex(s,0y(b/T, M)
is right ezact on Coh(T). Then S is smooth over a closed subspace of (3,0).

PROOF. Let M be an artinian Og—module with m%“M = 0. By 3.4.14 (1b)

EX(Z,O) (&/5’, M) = EX(E,O) (G/n/S»,“ M),
where S,, denotes the n'" infinitesimal neighbourhood. Therefore the functor

M — Ex(s)(a/S, M) is right exact on the artinian Og-modules. For n > 1
consider the diagram

5 n & _
Der(&o) (Og, Osn) Lﬂ% EX(E,O) (a/S, Osn) E— EX(&O) (a, Osn)

J=- I |
1 0 _ & _
Der(z,o)(OSaOSO) (Orcs) EX(E,O)(Q/Svoso) - EX(E,O)(aaOSo)'

Since a is formally semiuniversal the map (dxs)o is bijective. By 3.4.15 the module
Ex(5,0)(a@, Os,, ) vanishes and so (6 s)n is surjective. By assumption 3, is surjective
and so «,, is surjective too. Now the result follows from Lemma 5.1.2 below. (]

LEMMA 5.1.2. Let A — B be a morphism of complete analytic C-algebras.
Then the following conditions are equivalent.

103
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(1) There is an ideal a C A and an isomorphism of A-algebras
B = (A/a)|[Ty,...Tx]] for some k>0

(2) Q}B/A is a free B—module.
(3) Dera(B,B) — Ders(B,C) is surjective.
(4) Dera(B, B,) — Dera(B,C) is surjective for all n, where B,, := B/m%“.
PROOF. The equivalence of (1) and (2) was shown in 2.1.3. If (2) is satisfied
then
M +—— Dera(B, M) = HomB(Q}B/A,M)

is an exact functor on the category of B-modules and so (3) follows. The implication
(3)=-(4) is obvious. For the proof of (4)=-(2) we remark first that

Homp(Qp, 4, M) = Homp, (25,4 ®p Bn, M)
The assumption therefore implies that
HOHan (QlB/A ®pB Bn, Bn) — HOHan (Q%%/A ®p B, BO)

is surjective. It is an easy exercise to show that then Q}B /4 ®B B,, is free over B,,.
Since this is true for any n > 1 it follows that QE/A is free as B—module. O

REMARK 5.1.3. Let T, b € F(T) be as in 5.1.1. Then the following conditions
are equivalent.
(1) M = Ex(x,0)(b/T, M) is right exact on Coh(S).
(2) For every surjection a : M — M" with ker o = Op/mp the induced map
Ex (s 0)(b/T, M) — Ex(5,0)(b/T, M") is surjective.

This follows from the fact that every surjection M — M can be written as a
composition of maps M = Mg — M; — ... - M, = M", where M,_1 — M,,
1 < v < n, is surjective with a kernel isomorphic to Or/mr.

To show the usefulness of this remark, consider a complex manifold X satisfying
H?*(X,0x) = 0. Let 7 : X — T be a deformation of X over an artinian germ
T =(T,0). By 77

Ex(X/T, M) = H' (X,0x ® m*(M)).
Let us show that this functor is right exact. By the remark above we need to verify
that for every exact sequence

0—Or/mpr—-M—-=M"—=0
the induced map ( in the following induced exact cohomology sequence is surjective.
Lo HY(X,0x @ 1°(M)) B HY(X,0x @ 77(M")) — H(X,0x @ 7* (Op/mr)).

But this follows from the fact that ©x ® 7*(Or/mr) = ©x and our assumption.
Thus we obtain the following criterion.

COROLLARY 5.1.4. (Kodaira-Spencer) Let X be a complex manifold such that
HY(X,0x) is a finite dimensional vector space and H*(X,©x) vanishes. Then X
s unobstructed, i.e. the basis of a formally versal deformation is smooth.



5.1. SMOOTHNESS OF THE BASIS OF THE VERSAL DEFORMATIONS 105

ExaMPLES 5.1.5. 1. In particular, a compact Riemann surface X of genus g has
a semiuniversal deformation whose basis is smooth of dimension dim H!(X,0x) =
dim H°(X, w?}z). By Riemann Roch this number equals 3g — 3 for g > 2, equals 1
for g =1 and 0 for g = 0.

2. Let X be a Fano manifold of dimension n, i.e. X is a compact complex
manifold such that w;(l is ample on X. Then

H*(X,0x) = H? (X, Q% '®wy') .

By the Kodaira-Nakano vanishing theorem (cf. [Wel|) this group is zero. Thus
Fano manifolds are unobstructed, i.e. the basis of a semiuniversal deformation is
smooth.

3. As a special case we treat the case of del Pezzo surfaces which are the
Fano manifolds of dimension 2. It is well know, see [BPV], that such a del Pezzo
surface X is a blowing up of P? in k& < 8 points (including infinitesimally near
points) which are generic, i.e. no 3 of them are on a line and no 5 of them on a
conic. If Py, ..., Py € P? are 4 points, and no 3 of them lie on a line, then the only
automorphism of P2 fixing Py, ..., P, is the identity. Thus, if X = X, is a blowing
up of P? in k > 4 points then H° (X}, Ox, ) = 0. With a similar argument one sees
that H? (X;,0x,) = 8 — 2k for k = 0,...,4. In order to compute H! (Xj,0Ox,)
observe that because of H? (X,0x,) =0

ht (Xk’C—)Xk) = X(G)Xk) —h’ (@Xk) :

The reader may easily verify that for a blowing up 7 : Y/ — Y of a smooth surface
Y in a point p € Y we have 7,(Oy/) = mpOy and R'7.(Oy/) = 0. Applying the
additivity of the Euler characteristic to the exact sequence

0— mp@y — @y — @y/l’ﬂp@y = (CQ — 0
gives that x(0Oy/) = x(mpBOy) = x(Oy) — 2. It follows that for 4 < k <8
A (X, Ox,) = 2(k —4),

whereas X}, is rigid for 0 < k < 4.

4. Let X be a K3 surface which by definition is a compact complex surface
with wy & Ox and H'(X,Ox) = 0. Such a surface admits no global vector fields,
ie. H'(X,0x) = 0 (see [BPV]). The pairing A>Q% — wx = Ox provides an
isomorphism Oy = Q4. Using Serre duality we get H*(X,0x) & HO(X, Q%)Y =
H(X,0x)Y = 0. Hence for such surfaces the basis of a versal deformation is
smooth.

In many cases the Ex-groups can be identified with certain Ext-groups of co-
herent sheaves. To show right exactness we will often use the following technique
involving the notion of grade that we now recall.

5.1.6. Let M be a finite module over a local noetherian ring A and let a be
an ideal in A. Then the maximal length of a M-regular sequence in a is called the
grade of M along a and is denoted grade, M. We recall the following well known
homological characterization of grade, see e.g. [Mat]: grade, M > n if and only if
for all finite A-modules N with a*N = 0 for k > 0 the groups

Exty(N,M), 0<i<n,

vanish.
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Similarly, for a complex space X, a closed subspace T" with ideal sheaf J C Ox
and a coherent module M on X we write

gradep M := min{grade,; M, |z € T}.
Again, if N is a coherent Ox-module with supp M C T then we have
Ext'c (N, M) =0, 0<i< grade; M.

ExaAMPLE 5.1.7. If T = Sing X, then
1. grade; Ox > 1 if X is reduced,
2. grade; Ox > 2 if X is normal.

For later use we note the following somewhat technical lemma.

LEMMA 5.1.8. Let S = (S,0) be an artinian germ and 7 : X — S a holomorphic
map with special fibre X = 7=1(0). Let F, G be coherent Ox-modules with Fy :=
F/moF and Go := G/moG. Set T; := supp(Tor; (F,Ox)) and assume that

(1) grader, Go >k —1  fori>1.
Then the canonical map
(2) Extly (Fo, Go)— Ext} (F, Go)

18 surjective.
PRrROOF. Consider the spectral sequence
B} = Ext} (Tor} (F,0x),Go) = Exth™(F,Go).

Note that the map in (2) is the edge homomorphism F§° — Exth(M,Go). It
suffices to verify that EY? = 0 for p+ ¢ = k, ¢ > 0. But this follows from condition
(1) in view of the remarks preceding this lemma. (]

As an almost immediate application we get the following result.

PROPOSITION 5.1.9. (1) Let X be a normal complex space and assume that
Ext! (Q%,0x) is a finite dimensional vector space and Ext?(Q%,0x) = 0. Then
X is unobstructed.

(2) If X is a complex space with dim H'(X,0x) < oo and H*(X,0x) = 0
then the basis of a formally versal locally trivial deformation is smooth.

PrOOF. For the proof of (1), let 7 : X — S be a deformation of X over an
artinian base and M a finite Og—module. We need to show that the functor

M = Bxtl (24,7 (M)
is right exact. In view of the long exact Ext-sequence and 5.1.3 it is sufficient to
show the vanishing of Ext?e(Q;/S, Ox); note that 7*(Or/mr) = Ox. For this we
will apply 5.1.8 above to F = Q%e/s and M = Ox: the grade condition in loc.cit.
is satisfied since X is normal and so gradeg;,, x Ox > 2. Hence we infer that the

map
Exti(ﬂk/s, Ox)— Extge(Q%E/S, Ox)

is surjective. Since the left hand side vanishes by assumption, (1) follows.
For (2) it is sufficient to show by the same argument as above, that

H? (%,Homx(ﬂ;/s,(’)xw =0.

This group is obviously isomorphic to H?(X,©x) and so is zero. (]
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Another interesting application is the following result first shown by Bogo-
molov, Tian and Todorov, see [Bog], [Tia], [Tod].

THEOREM 5.1.10. Assume that X is a compact complex manifold which is
bimeromorphically equivalent to a Kdhler manifold. If wx = Ox then X is unob-
structed.

Before giving the proof we remind the reader that any projective manifold is
Kéhler. Moreover, by [| every algebraic manifold is bimeromorphically equivalent
to a projective manifold. Hence this result applies in particular to the class of
algebraic manifolds.

PROOF. The proof is based on a theorem due to Deligne which we will present
in an appendix of this section. Let f : X — S be a deformation of X over an artinian
base and M a coherent Os-module. In a first step let us show that wx,5 = Ox.
By 5.1.16 the functor

M — wx/s Qf-104 M
is exact on Coh S. In particular the map wy,s — wx is surjective. Hence there is
a nowhere vanishing section of wy,s and so wx,s = Ox.
By 7?7 there is an isomorphism

Exg(X,Mz) = H' (X,0x,5 ®0s M) .
Since wy /g = O, there are canonical isomorphisms
~ On—1 -1 ~ on—1
Ox/s = Vi )s Owy g =0y g
where n := dim X. By the theorem of Deligne 5.1.16 the functor

(23) Mi— B (2,047 @0, M) = H' (X,0x/5 ®0, M)
is exact. Hence 5.1.1 gives the result. ]

ExampPLES 5.1.11. 1. Let X be a Calabi-Yau manifold. By definition, this is a
Kihler manifold with wx = Ox and H*(X,0Ox) = 0 for i # 0,dim X. Then X is
unobstructed.

2. In the same way this result applies to tori. But of course, already the well
known explicit constructions yield smoothness in this case, see e.g. [Uen].

3. Let X be a compact complex Kéahler manifold which is holomorphically
symplectic, i.e. there is a holomorphic 2-form w € I'(X, Q%) which defines a non-
degenerate skew symmetric form on the tangent space T'x , for every x € X. Then
X is unobstructed. This follows from the fact that w™ € I'(X,Q3") generates
wx = Q%" where n = 2m is the dimension of X.

Slightly more generally the following result holds.

THEOREM 5.1.12. Let X be a compact complex manifold which is bimeromor-
phically equivalent to a Kdhler manifold. If X admits an unramified covering
g: Z — X with wy = Oy for some d > 1, then the basis of a versal deforma-
tion of X is smooth.

PROOF. Let 7 : X — S be a deformation of X over an artinian base S = (.5, 0).
The topological space underlying X is just X, whence the topological preimage
O3 = g~ 1(Ox) provides a complex space 3 that is an unramified covering G : 3 —



108 5. PROPERTIES OF VERSAL DEFORMATIONS

X. The space Z is again bimeromorphically isomorphic to a Kéhler manifold, see
5.1.13 below, and mo G : 3 — S is a deformation of Z. By (23) the functor

(24) M+— H"(3,03,5 ®os M), M € Coh(S),
is exact. There is a natural map ©x,5 — G«(03,5) that admits a left inverse given
by the trace map Tr : G«(©3,5) — Ox/5 with
Tr(w)(z) := Z w(z).
zem—1(z)
Hence Ox /g is a direct summand of G+(©3,¢) and so for M € Coh(S)
H' (%X,0x/5 ®0; M) s a direct summand of H' (3,03,5 ®o, M)
Using (24) the functor
M r— H' (X,0%,5s ®0; M), M € Coh(5),

is exact. Hence 5.1.1 gives the result. ([

In the proof above we have used the following observation. For the proof we

refer the reader to [?]. Note that this result is obvious if one restricts to algebraic
manifolds, since an unramified covering of an algebraic manifold is again algebraic.

LEMMA 5.1.13. Let X be a compact complex manifold which is bimeromorphi-
cally equivalent to a Kdhler manifold. If Z — X is a finite unramified covering
then Z is also bimeromorphically equivalent to a Kdhler manifold.

As an application we obtain the following result, see [?].

COROLLARY 5.1.14. Let X be a compact complex manifold which is bimero-
morphically equivalent to a Kdhler manifold. If w}%d >~ Ox for some d > 1 then the
basis of a versal deformation of X is smooth.

PRrOOF. The isomorphism w%d >~ Ox defines an algebra structure on A :=

d—1
@D w¥'. Let g: Z — X be the associated unramified covering so that g.(Oz) = A.
i=0
The dualizing module on Z is given by wz = g*(wx). As
9:9"(wx) Fwx ® A=A

it follows that wz = O4. Hence the result follows from 5.1.12. O

ExaMpPLES 5.1.15. 1. Let X be a compact complex surface of Kodaira dimen-
sion 0. Then w%u =~ Ox, see [BPV]. Hence such a surface is unobstructed.

2. Let Z be a compact complex manifold with wy = Oz. Assume that G is a
finite group of order, say, d acting on Z without fixed points, so that X := Z/G is
a compact complex manifold. It follows that X is unobstructed.

For a more concrete example, take the Fermat quintic Z in P* given by the
equation z§ + ...+ 2§ = 0. Then Z; acts on Z via

[0 : ... : 4] — [Cxg s Clay oo Chay,

where ¢ € Zs is a 5" root of unity. The reader may easily verify that this action
has no fixed points. Since wz = Oz the quotient X := Z/Zs is unobstructed.
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Appendix: Direct images of differential forms. In this appendix we will
provide a proof of a result of Deligne which was used in the proof of 5.1.10 and
5.1.12. In the following S = (S,0) will denote an artinian complex space germ and
7 : X — S will be a smooth proper morphism, so that the special fibre X = 771(0)
is a compact complex manifold. Since the argument below is based on Hodge theory
we must assume that X is bimeromorphic to a Kahler manifold. It is well known
that for such manifolds there is a Hodge decomposition

H*(X,C)= P H' with H" := HI(X,0%),
p+q=k
see [?] for instance. The next result essentially provides a relative version of this

decomposition.

THEOREM 5.1.16 (Deligne). 1. For every coherent Os—module M the de Rham
complex Q;E/S @105 T M is a resolution of 7' M.

2. Rir, (Q’;/S Qr-104 77_1/\/1) >~ Rir, (QZ;/S)Q@W*IOSW_lM and R, (Qlaje/s)
is a free Og-module.

In particular, the functors M — Rim, (Qi/s Qr-104 71'_1./\/1) are eract.

PROOF. (1) is seen by an easy induction on the length of M using the fact
that an exact sequence of Og—modules 0 — M’ — M — M"” — 0 induces an exact
sequence of complexes

0HQ;/S®OS M,HQ.%/S(X)M*}Q;:/S@MNHO .

For the proof of (2) observe that there is a spectral sequence
(%) B} = H (X,0% 5 ©0, M) = H' (X,77'M) .

The sheaf 771 (M) on X is the constant sheaf associated to the Og o module M, and
X and X have the same underlying topological spaces. By the universal coefficient
theorem

H* (x,77'(M)) 2 H*(X,C) ®c M.
It follows that the length of the right hand side of (%) is given by the product
dim¢ (M) dime H*(X, C) and so by Hodge theory
) lg H* (X, 77" (M) =lg M- ) dime H? (X, Q%) .
p+q=Fk

Let us now compute the length of the right hand side of (). Using 5.1.17 below
we get

(% ) lg HY (X,0% 5 G0, M) <1g M- dime H' (X, 0%).
On the other hand, H* (X,77(M)) is a subquotient of & . EY9. Tt follows that
ptg=
g M3, oy dime HY (X, 0%) = 1gH" (X, 771(M)) by (%)
< Y lgEY
pra=k

< lgMY L pdime HY (X, Q%) by (x %)
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Hence all inequalities are equalities, and in particular (x*x) is an equality for every
M. The claim follows now from 5.1.17 (2) and (3) below. O

It remains to show the following lemma.

LEMMA 5.1.17. Let A be a local ring and T' a half-exact functor from the cate-
gory of artinian A-modules into itself. Then the following hold.
(1) For every artinian A—module M we have lgT (M) <lg M1gT (A/my).
(2) Ifin (1) equality holds for every such M then T is exact.
(3) If A is artinian and T is exact then for every finite A-module the canonical
map T(A) @ M — T (M) is bijective and T(A) is a free A—module.

PROOF. (1) is easily seen by induction on lg M using the fact that an exact
sequence 0 — My — My — My — 0 induces a sequence T'(My) — T'(M;) — T(Mo)
exact in the middle. For the proof of (2), assume that lg T'(M;) = 1g M;1g T(A/m4)
for ¢ = 0,1,2. Then

lg T (M) =1gT(Mo) +1gT(M>)
and so
0—T(My) — T(M;) - T(Mz) —0
has to be exact. Finally, to prove (3) take a presentation A™ — A™ — M — 0.
Since T is exact the top row in the diagram

T(A") — T(Am) — T(M) — 0

| d d
T(A) @ A"—T(A) @ A"—=T(A) @ M— 0
is exact. As T commutes with finite direct sums the maps «, 8 are isomorphisms.
Hencey has to be an isomorphism too. In particular, M — T(A) ® M is exact and
so T(A) is free. O

5.2. Embedded deformations

In this section we will study embedded deformations. This will be used to
compare all deformations of a complex space with the embedded ones. In particular
this will allow us to treat various examples. We will study the case of complete
intersections in projective space more closely and are, for instance, able to determine
all smooth complete intersections for which every deformation is again projective.

It is useful to introduce the following terminology.

DEFINITION 5.2.1. Let Z be a fixed complex space. By a family of compact
subspaces parameterized by a complex space S we mean a complex subspace X C
Z x S such that the projection

p2: X — S
is proper and flat.

If T — S is a morphism then by base change we get a family of compact
subspaces parameterized by T

X X5 T—1T.
Thus, assigning to S the set
Hilbz(S) :={X C Z x S| X is a family of compact subspaces of Z} ,
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we get a set valued functor Hilby : An°” — Sets. This functor is called the Hilbert
moduli functor.

The basic result about the Hilbert moduli functor is that it is representable,
namely:

THEOREM 5.2.2 (Douady). Hilby is representable by a complex space Hilby =
Hy.

In the following, we will call Hz the Douady space of Z.

The reader can find a proof in the excellent written paper of Douady [Dou] or
in [BKo], where even much more generally all the known existence theorems for
versal deformations in complex analysis are proven. Another good source in the
algebraic case are the Bourbaki talks of Grothendieck, see [Gro], and [Vie].

REMARK 5.2.3. Alternatively, we can also form the fibration in groupoids p :
Hilbz — An given by the families of compact subspaces of Z, cf. 3.1.2. An object
a of Hilby over S consists in a family of subspaces X — Z x S, and a morphism
into another object b = (Y — Z x T) is a commutative diagram

y . 9 x

L.l

ZxT ——— ZxS8,

where f : T — S is a holomorphic map. In particular, a morphism f b — ais
uniquely determined by the underlying morphism f := p( f) : p(b) — p(c). There-
fore, in this case the fibration in groupoids associated to embedded deformations is
equivalent to the underlying Hilbert moduli functor.

We note that this fibration in groupoids constitutes a deformation theory as

follows from Schuster’s result 2.4.5.

In the following we will describe an homological terms the set of infinitesimal
extensions of subspaces. Let S be a fixed complex space, M € Coh(S) and a =
(X — Z x 5) a family of compact subspaces of Z. Specializing the constructions
of 3.3.1 to the case of the Hilbert moduli functor Hilbz (or, equivalently, to the
associated fibration in groupoids Hilb; — An) we get groups

Aut(a/S, M) | Aut(a, M)
Ex(a/S,M) Ex(a, M).
As morphisms in Hilby are uniquely determined by the underlying maps in An

we have that Aut(a/S, M) = 0. Moreover, Ex(a/S, M) consists of all extensions
X" of X by Mx := M ®0, Ox that fit into a diagram

X — X'

I

ZxS —  ZxS8M,.

In other words,

EX(G/S,M) = EXng(X,Mx).
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Using 2.5.2 the right hand side is isomorphic to

Homyzys (J/T°% Mx),
where J C Oz« is the ideal sheaf of X in Z x S. We have shown the following
proposition.

PROPOSITION 5.2.4. For a family of compact subspaces a = (X — Z x S) over
S and a coherent Og-module M we have

Aut(a/S,M) =0 and Ex(a/S,M)=Homyys(J/T* Mx).

In the next result we give a first criterion for the smoothness of the Douady
space. The main tool is the general criterion given in 5.1.1.

PROPOSITION 5.2.5. Let X C Z be a compact subspace with ideal sheaf J C Oz
and p = [X] € Hyz the associated point in the Douady space. Assume that the
following conditions are satisfied.

(1) Exty(J/J? 0x) =0.
(2) grade; Ox > 1, where T denotes the analytic set of points where [J is not
locally generated by a regular sequence.

Then p is a smooth point of Hz, and dim, Hz = dim¢ Homx (J/J?,Ox).

PROOF. Let X C Z x S be an embedded deformation of X over an artinian base
S = (5,0) with ideal sheaf T C Oz«s. Note that then 7 is also locally generated
by a regular sequence in the points of X\T (see [?]). Hence Z/Z? is locally free on
X\T and so
(%) supp Tory (Z/T%,0x) C T.
We need to show that the functor

Coh(T) > M +—— Homy(Z/I?, Mx)

is right exact. In view of the remark 5.1.3 and the long Ext-sequence it is sufficient
to verify that Ext}(Z/Z%,Ox) = 0. For this we will apply 5.1.8 to k = 1, F = T /Z?
and § = Ox. The condition on the grade in loc.cit. is satisfied because of our
assumption (2) and (). Hence we infer that the map

Exty (7/J% Ox)— Ext}(Z/T?, Ox)
is surjective. Since the left hand side vanishes, this proves the result. O
EXERCISE 5.2.6. Show that p € Hy is a smooth point if Ext}, (7, Ox) = 0.

ExaMPLES 5.2.7. 1. Let X C Z be locally a complete intersection with ideal
sheaf J C Oz. Then J/J? is locally free over X and N := Hom(J/J?, Ox) is
the normal bundle. By 5.2.5, if H!(X,N) = 0 then [X] € Hz is a smooth point,
and the dimension of Hz at [X] is equal to h°(X, N).

2. Let X C Z := P" be a complete intersection given by homogeneous equations
fi,--+, fryso that dim X =n —r. If J € Opn is the ideal sheaf of X then

T T* = Ox(—d) @+ @ Ox(—d,)
with d, := deg f,. Hence the normal bundle N is isomorphic to @, Ox(d,). In
particular, if dim X > 2 then H'(X,N) = 0 and so [X] is a smooth point of Hpn
of dimension ) h%(X, Ox(d,)). (In 5.2.9 we will see that the last statement also
holds if dim X < 1.)
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3. Let X be a compact Riemann surface of genus g and D € Div(X) a divisor
of degree d > 2g. Consider the embedding X <P := P?~9%! given by the complete
linear system |D| which is given by [so : ... : s4—4], where so,...,sq_4 are a basis
of HO(X,0x (D)) (see [?]). Observe that H'(X,Ox (D)) = 0. There is an exact
sequence

(1) 0—Ox—0Op ® Ox—N—0
where N is the normal bundle of X in P. Using the Euler sequence
(2) 0—0x—0x (1) 9" —0p @ Ox—0,

it follows that H'(X,Op®0Ox) is a quotient of H' (X, Ox(1))?~97! and so vanishes.
Therefore by the exact sequence (1) H'(X, ') vanishes too. Thus it follows that
[X] is a smooth point of Hp. In order to determine the dimension we have to
compute h?(X, N') which is given by

XWNV) = x(Op®0x)—x(Ox)
(d—g+1)x(Ox(D)) — x(6x) — x(Ox)
= (@-g+17=1)+Bg—3)+g.

Observe that (d — g + 1)? — 1 is the dimension of PGL4—_411(C) which acts on P
and therefore also on Hp. Moreover, if g > 2, the number of moduli of X is just
39 — 3, and the summand ¢ reflects the fact that the divisor D is varying in the
Jacobian of X which has dimension g.

5.2.8. Let us return to the general situation as considered in 5.2.4. In a next
step we will give a more explicit description of the Kodaira Spencer map. For this
consider the maps

Der (Og, M) — Der (Ozxs, Mx)
which lifts a vector field to the product, the dual of the Jacobi map
iV 1 Der(Ozy s, Mx)— Homx (J/JT? Mx),
see 2.5.5, and the Kodaira Spencer map
dks : Der(Og, M)— Ex(a/S, M).

Using 3.3.10 we get a commutative diagram

Der (Og, M) %5, Ex(a/S, M)

Der (OZ><S7MX) L) HomX(j/j27MX>-

Thus the Kodaira-Spencer map can be identified with the composition

(+) Der (Og, M) — Der (075, Mx) — Homx (7 /J% Mx).

To be more explicit, assume that S is a closed subspace of some open subset U of
C" and that ¥ = ¥m;0/0z; is in Der (Og, M) C Der (Oy, M). Assume further
that X < PV x S is given by polynomials Fi, ..., F, in (S, Os) [Zo, ..., Z,] which
are homogeneous in Zy, ..., Z,. Then

J/T*=(1/1P)”,
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where I = (Fy,...,F,). Under the identifications in (x), dxs(¥) is the map in
Homy (J/J?, Mx) with

OF (z,x)

EXAMPLE 5.2.9. Let X C P" fi,..., f- be as in 5.2.6 (2) and suppose that
dim X > 1. We choose r—tuples of homogeneous polynomials

g = (g1, 9ur) € P H® (PY,0pn(dy)), i<v <N,

o=1
i.e. gup is a homogeneous polynomial of degree d,. We assume that the residue

classes of g1, ..., gn form a basis of the vector space (P, H°(X,0x(d,)). Consider
the polynomials

N
FQ(Z,.%‘) = fg(z)+zxugug(z)a o=1,...,m
v=1

where z = (71,...,25) € CV. They are homogeneous in Zy,...,Z, of degree
d, and define a subspace X C P" x S with S := CV. The defining equations F,,
together with x1, ..., zx form a regular sequence in Og o [Zo, . . ., Zy]. In particular,

the F), itself form a regular sequence and so X is flat over S near 0. The Kodaira—
Spencer map for this family

Der (Og,9,C) — Hom (j/jQ, OX) = @HO (X,0x(d,))
o=1

is given by
0
0z,
By construction this map is bijective. Using 3.4.17 it follows that X — S is the
formally semiuniversal family at 0 € S. In particular we deduce that a complete
intersection X in P always defines a smooth point [X| of the Douady space Hpn.

— g, mod J.

This example generalizes. Let Z be a compact complex space and X C Z
locally a complete intersection of codimension r which is given as the zero set of a
section ¢ in a vector bundle £ of rank r over Z. Consider over S := H"(Z,£) the
family of subspaces

X:={(z,7)€ZxS|71(2) =0} C Z xS,

which is flat and proper over S in a neighbourhood of ¢ € S. Then we have the
following result.

PROPOSITION 5.2.10. Let J C Oy be the ideal sheaf of X and assume that
HYZ,E® J)=0. Then the following hold.

1. X C Z x S is a versal embedded deformation of X C Z.

2. The Douady space Hz is smooth at [X].

PROOF. (2) is a consequence of (1) and 3.5.6. In order to prove (1), note that
S is smooth and so, in view of 3.4.17, it suffices to show that the Kodaira-Spencer
map is surjective. This map can be identified with the map

Srs: T,8 =2 HZ,)— Homx (J/JT?, Ox),
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see 5.2.8. Notice that J/J?% = €Y ® Ox and so Homx (J/J?, Ox) & HY(X,E ®
Ox). Using the description of d ks given in 5.2.8 above, the reader may easily verify
that this map is just given by the restriction map H°(Z,€) — H°(X,£ ® Ox). As
HY(Z,€& @ J) vanishes this restriction map is surjective, and (1) follows. O

In particular this implies that every embedded deformation of X<—Z over a
base space (T,0) is given by the set of zeros of a section 7 € H=(Z x T, p;(£))
which induces 0 on Z = Z x {0}.

We now turn to the question as to when every (abstract) deformation of a
compact subspace X C Z is embeddable into Z. The standard criterion is as
follows.

PROPOSITION 5.2.11. Assume that Ex(Z,0x) = 0. Let X C Z x Hyz be the
universal family over the Douady space H := Hyz. Then X — H is a versal defor-
mation of the compact complex space X at p:=[X] € H.

In particular it follows, that for every deformation X’ — S’ over some germ
(57,0) there is an S-embedding X’ C Z x S’ near the special fibre. We will say in
this case that the deformations of X are embeddable into Z.

PROOF. Using the versality criterion 3.4.15 we need to show that Ex(a,C) = 0,
where ¢ := (X — H) is the (abstract) deformation of X as above and C = C,
denotes the sheaf C on H concentrated in p. More concretely, we need to show that
for every extension (H,p)—(H’,p) of H by C and every deformation p’ : X' — H’
of X over H' with X'|H = X (near p) there is a cartesian diagram

X —x

]

H 2+ H
so that 7 and p induce the identity on X, H respectively. Using the universal
property of H it is sufficient to construct an H'-embedding o : X'—Z x H' lifting
the given embedding « = (8,p) : X~Z x H. For this consider the fibred sum Z’

in the diagram
X — ¥

B[ ﬂ/[
Z — 7
so that Z—Z’ is an extension of Z by Ox (cf. 2.4.5). By assumption, this extension

splits, i.e. there is a retraction r : Z — Z. Then o’ := (r o #',p’) is a morphism as
desired. 0

Let us apply this to the case of subspaces X<—Z = P". We will show the
following result.

PROPOSITION 5.2.12. Assume that X C P™ is arithmetically Gorenstein of
dimension > 2. Then the deformations of X can be embedded into P™ except when
dimX =2 and wx = Ox.

Observe that if X is smooth then in the exceptional case X is a K 3-surface.
It is well known that in this case there are always deformations of X that are
not embeddable into P", see 2.5.13. Alternatively, this follows from the fact that
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every K3-surface admits arbitrary small deformations into non-algebraic surfaces
(see [BPV]).

By 2.3.6, Ex(P",Ox) = H'(X,0p» ® Ox). Therefore the proof follows from
5.2.11 and the following vanishing lemma.

LEMMA 5.2.13. Let X be as in 5.2.12. Then H*(X,Op» @ Ox) = 0.
ProoOF. Consider the Euler sequence
0—-0x ->0x(1)®V — Opn ® Ox — 0,

where P* = P(V), i.e. V.= H°(P",Opn(1))V. As H'(X,0x(1)) = 0 the module
H'(X,0p» ® Ox) is the kernel of the map

a: H*(X,0x)—H*(X,0x(1)) V.

Thus it vanishes if dim X > 3. Now assume that dim X = 2. Then « is dual to the
multiplication map

ot HY (X, wx(-1) @ VYV —H"(X,wx).

Since by assumption wx = Ox (k) for some k and X is in particular arithmetically
normal, the map o is surjective unless k& = 0. O

Applying the criterion above to the case of complete intersections we obtain
the following result (cf. [Ser]).

COROLLARY 5.2.14. Let X C P™ be a complete intersection of codimension r
given by equations f1,..., fr of degree dq,...,d,, where2 <dy <...<d,. Assume
that dim X > 2. Then every deformation of X can be embedded into P™ except in
the following three cases.

(1) r=1,n=3,d:=d; =4, i.e. X is a quartic in P3.

(2) r=2,n=4, (di,d2) = (2,3), i.e. X is an intersection of a quartic and
a cubic hypersurface.

(3) r =3, n =5, (di,d2,d3) = (2,2,2), i.e. X is the intersection of three
quadrics in P,

The proof follows immediately from 5.2.12 since X is arithmetically Gorenstein
with wx %Ox(d1+...+dr—n—1).

REMARK 5.2.15. Slightly more generally as in 5.2.12 the following holds. As-
sume that X C P” is a subscheme such that the following conditions are satisfied.
(1) HY(X,0x(1)) = 0.
(2) H?*(X,0x) =0, or X is Cohen-Macaulay and the canonical map
HY(X,wx(-1)® VY - H(X,wx)
is surjective.
Then every formal deformation of X can be embedded into P™. This is easily seen

by the proof above.

Another case where the deformations of X can be embedded into Z is given by
the following result.
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PROPOSITION 5.2.16. Let £ be a vector bundle of rank r on an n-dimensional
manifold Z and X C Z a closed subspace of codimension r which is the zero set of
a section o € H(Z,&). Then the following hold.

1. If HP*H(Z,02,0 NP EY) =0, p > 0, then every deformation of X is embed-
dable into Z.

2. If furthermore HP(Z,€ @ NP EV) = 0, p > 1, then a versal deformation of
X is given by the family

X:={(2,7) € Zx H*(Z,E)| 1(2) =0}
over (S := H%(Z,£),0).

PRrOOF. The Koszul complex

T 2
IC':O—>/\5v—>...—>/\5v—>5Vi>(’)z—>(9x—>0

is a locally free resolution of Ox. Tensoring it with © and using a simple spec-
tral sequence argument yields that the condition in (1) implies the vanishing of
HY(Z,07 ® Ox). By 2.3.6 this module is isomorphic to Ex(Z,Ox) .Applying
5.2.11 every deformation of X can be embedded into Z.

Similarly, in case of (2) we can tensor the Koszul complex above with £ and
obtain with the same arguments as before that Hl(Z7 E®J) =0, where 7 C Oy
is the ideal sheaf of X. Thus (2) is a consequence of 5.2.10. O

Observe that the assumption in 5.2.16 (1) implies in particular that H(Z,0,) =
0, i.e. Z is rigid. Similarly, the condition in (2) for p = 1 reads H'(Z,£ ® £V) = 0.
We will see in the next section that then £ is rigid as a vector bundle.

COROLLARY 5.2.17. Let (Z,0z(1)) be a rigid projective manifold of dimension
> r+2 and F a vector bundle of rank v on Z such that H'(Z,F @ F¥) = 0.
Set £ := F(n) and consider a section o € H°(Z,&) such that the set of zeros
X := {0 =0} has codimension r. Then the following hold.

1. If n > 0 then the versal deformation of X is given by the subspace X C Z xS
described in 5.2.16 (2). In particular, the versal deformation of X is smooth and
all deformations are embeddable into Z.

2. The dimension of the base space of the semiuniversal deformation of X is
given by

(a) h(Z,E) —h2(Z,E @ EV) + h°(X,0x) — h°(Z,0z)
and the dimension of Hy at [X] by
(b) h(Z,6) - h(Z,E 2 EY).

PRrROOF. The groups

HPT (2,070 \"EY) = HP (Z,0,0 (N"FY) (—np)),  p
HY (Z,€ N"EY) = HP (Z(F@ N"FY) (=(p=1)n)), p=
vanish for n > 0. Therefore (1) follows from 5.2.16. Moreover the proof of that

result shows that H'(Z,£ ® J) = 0, where J C Oy is the ideal sheaf of X. As
Hom (T /JT?, Ox) = € ® Ox there is an exact sequence

0—HZ,E2T)— HY(Z,E) — Hom(J/J?% Ox) — 0.

>0,
L
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Hence, in order to deduce (b) it is sufficient to show that the canonical map
H(Z,£ © €) =2~ H(2,£® )

is bijective. But this again follows by a simple spectral sequence argument applied
to £ ® K*, with IC® the Koszul complex as in the proof of 5.2.16.
To establish (a) we consider the Kodaira-Spencer sequence

0 — Der(Ox,0x) — H°(Z,0; ® Ox) — Hom(J/J?*, Ox) — Ex(X,0x) — 0.

By the same argument as before HY(Z,07) = HY(Z,0 ® Ox). Hence, taking
dimensions in this exact sequence and using (a), the desired formula follows. O

REMARK 5.2.18. 1. Using the preceding corollary one can prove the following
result, see [Borl, Bor2]. Let X = H; N...N H, be a complete intersection
of dimension > 2 in a homogeneous Kéhler manifold (Z,0z(1)) with PicZ =
Z]Oz(1)], i.e. H, is a hypersurface defined by a section in some twist Oz(d,).
Then all deformations of X can be embedded into Z. Moreover, the basis of the
semiuniversal deformation of X is smooth, and all deformations of X are again
complete intersections in Z.

2. In the corollary above, the group H°(X,©Ox) can be non-zero, in general,
even if n > 0 (cf. 2.5.15). However, if X is smooth then we will see in ?? that X
has no non-trivial vector fields.

3. Let Z be a compact manifold and X C Z a subscheme. Then it can happen
that all deformations of X are embeddable although the vanishing criterion in 77
is not satisfied; for an example we refer the reader to [Weh, 3.9].

5.3. Deformations of modules

In this section we will consider deformations of modules on complex spaces
which were introduced in 3.1.8 (2). We will compute the spaces of infinitesimal au-
tomorphism and infinitesimal deformations in homological terms. This will enable
us to give criteria for when the basis of the semiuniversal deformation of a module
is smooth. We also compute versal deformations by using extensions of modules.

Let m: X — X be a morphism of complex spaces. We remind the reader that
the deformation groupoid of modules consists of all pairs (S, F) where S € Angy
and F is a coherent Ox x.s-module that is S-flat. These pairs form a deformation
theory FF — Any as explained in 3.1.8(3 ). We want to compute for a coherent
Og-module M the spaces

Auts(F/S, M) = Autg(a/S, M)
EXE(}—/M) EXE(G,/S,M),

where a := (S, F), see 3.3.1. In the following we write in brief Xg := X x5 S and
denote by mg : Xg¢ — S the projection.

ProprosSITION 5.3.1. There are canonical isomorphisms
(1) Auty(F/S,M) = Homy(F,F @ n5(M))
(2) Exx(F/S, M) = Exty (F,F @ 5(M)).

PROOF. Let Xgiaq := X X5 S[M] be the trivial extension of Xg by 75(M)
so that Ox ) = Oxs @ m5(M)e. By definition, an element of Auts(F/S, M) is
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an automorphism 3 of Oy aq-modules that fits into the diagram

F s FOF@m5(M)e = F @0y, Oxgry

idfl ﬁl [3l
F e FaFarsM)e = F Qoyx, Oxguy-
Since §is Oxg,,, - linear it is uniquely determined by the Ox-linear map
BIF =idr+evy , v €Homx,(F,F®ng(M)).

Clearly 8 —— v gives the desired bijection in (1).

For the proof of (2), observe first that an element in Exx(F/S, M) is just the
isomorphism class of an Oxg,,,-module " that is flat over S[M] and satisfies
F'/e F' =2 F. This gives rise to an exact sequence of Ox gp-modules

(%) O—F@ms(M) — F—F—0,

see 3.3.9. Considering this sequence as an extension of modules over Ox, —
o Xsiam» We get an element

E(F') € Exty (F,F @ m5(M)).

Conversely, given an extension of Oxg-modules as in (*) we get an Ox,,-structure
on F', where the multiplication by ¢ is given as indicated. Using 3.3.9 F” is flat over
S[M] and so defines an element in Exx(F/S, M). It is clear from the construction
that these maps are inverse to each other and so define the desired bijection in
(2). O

REMARK 5.3.2. In the special case that F is locally free on Xg the group

Ext}(s (F,F@m5(M)) is isomorphic to H (X, End (F) @ n(M)). Thus we get a
natural isomorphism

Exy(F/S,M) = H'(Xg,End (F) @ wg(M)).
Assume that Fj is a coherent module on X := 7~ 1(0). If
Exs(Fo, C) = Extx, (Fo, o)

is finite dimensional, then by Schlessingers theorem Fj admits a formal semiuniver-
sal deformation. If Fy has compact support then Extﬁ(o (Fo, Fo) is finite dimensional
and a deep result due to [TSi] (see also [BKo]) shows that in this case there even
is a convergent semiuniversal deformation.

THEOREM 5.3.3. Every coherent module Fy on Xg with compact support admits
a (convergent) semiuniversal deformation.

We will now examine the question as to when the basis of the semiuniversal
deformation of Fy is smooth.

PROPOSITION 5.3.4. Assume that Extﬁ(o (Fo, Fo) is finite dimensional and that
Extg(o (Fo,Fo) = 0. Then the basis of the formally semiuniversal deformation of
Fo is smooth over a closed subspace of X.

In order to compute Ext& (Fo, Fo) explicitly it is often useful to note that this
group is isomorphic to H* (X, End(Fy)) if Fp is locally free. We remark that, if 7o
even admits a convergent semiuniversal deformation over (S,0), it follows that S is
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also smooth over a closed subspace of ¥. Before proving ?? we note the following
corollary.

COROLLARY 5.3.5. Assume that ¥ = pt is a simple point and that Fy is a
coherent Ox-module on the complex space X with dim(Exty (Fo, Fo)) < oo and
Extg((fo, Fo) = 0. Then the basis of the formally semiuniversal deformation of Fo
is smooth.

PrRoOOF OF 5.3.4. Let F be a deformation of Fy over an artinian base § =
(8,0) € Any. By our criterion ?? we need to show that the functor

CohT 5 M — Exg(F/S,M) =2 Extk (F,F @ 15(M))

is right exact. Using remark ?7? it is sufficient to verify that Extg(s (F,Fo) = 0.
Applying 7?7 it follows that

(+) Ext% (Fo, Fo) — Ext%_ (F, Fo)

is surjective; note that Torff (F,Ox) vanishes for all p > 1. Since by assumption
the left hand side of (x) is zero, the result follows.

EXAMPLES 5.3.6. (1) If F = Opn(d1) @ ... Opn(d,) then for n > 2 the group
Extg, (F, F) vanishes and so F is rigid. For n = 1 the number of moduli of F is
given by the dimension of

P H' (P!, 0p: (di - d;)).

ij=1
Moreover, Ext3, (F, F) vanishes. Thus the basis of the semiuniversal deformation
is always smooth.

(2) Suppose that ¥ is a simple point and let £ € Pic(X) be a line bundle.
Then the dimension of extensions of £ is given by the dimension Ext} (£, L) =
H'(X,0x). Note that for a compact complex manifold Pic(X) is a complex Lie
group of dimension dim H*(X,Ox). But in general Ext% (Ox,Ox) = H*(X,Ox)
does not vanish although Pic X is always smooth.

(3) Let £ be a vector bundle on P2. Recall that £ is said to be simple if
End(€) = C . From the above result it follows that the basis of a semiuniversal
deformation of a simple bundle is always smooth. In fact,

Ext3:(€,&) = H*(P?,End &) =2 HO(P?, End £(—3))
by Serre duality. Moreover
End€ = sl(E) @ Oy,
where sl(€) are the endomorphisms of trace 0. Thus being simple means that
HO(P2,sl(€)) = 0 Tt follows that H°(P?, (EndE)(—3)) = 0 if £ is simple. The
number of moduli can be computed from
X(EndE) = h°(End E) — W (End &) + h*(End E) = r(c? — 2¢) — 3 + 12,
where ¢; = ¢;(£) are the Chern classes, see [?].

EXERCISE 5.3.7. Let X be a complex space, * € X and consider Mg :=

Ox,z/m, as a module on X. Then the basis of a semiuniversal deformation of M,

is (X, ), and the module M = Ox«x/J is the semiuniversal deformation of My,
where J C Ox «x is the ideal of the diagonal.
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In particular, this example shows that a semiuniversal deformation of a module
can have arbitrary singularities. Observe that M is the structure sheaf of the
simple point {2} — X. The reader may verify that the germ of the Douady space
(Hx, [{z}]) is also isomorphic to (X, z).

It is sometimes useful to consider extension in order to compute deformation of
modules. Let X — ¥ as above and let 7/, F” be fixed coherent O x-modules that
are flat over X. Consider for a space S € Any; all extension (F, «, 3)

O —F, 2 F L,

where for a sheaf G on X we denote Gg the pullback of G under the map Xg — X.
These extensions form a category, say E, in an obvious way that is fibred over Any;,
so that the extensions form a deformation theory. Thus

(%) E(S) = Exty (F§, F§).

Assigning to an extension (F, «, 3) the associated module F defines a functor E —
F into the category of deformations of modules. For a coherent Og-module M let

Auwty ((F,a,8)/S,M) and Exs((F,a,8)/S, M)

be the module of infinitesimal automorphism of the trivial extension of a = (F, a, 3)
over S[M] resp. the module of infinitesimal extensions.

PRrROPOSITION 5.3.8. There are canonical isomorphisms
(1) Autg((f7 OQﬁ)/S,M) = HOIIIXS( 57'7:.;‘ ® WZ‘M)
(2) Exs((F,a,8/8,M) = Exty (F§, Fs @ m5M).
Moreover, assigning to an extension the underlying module gives a map

Exs((F,a,8)/S,M)— Exs(F/S, M),

and, under the identification in (2) resp in 77, this map identifies with the canonical
map

Extly, (F4, F ® m5M)— ExtX (F, F @ mgM)
induced by o and (3.
PROOF. By definition Exs((F,«, 3)/S, M) is the fibre of the map
E(SIM]) — E(S)

over the class of (F,«,3) in E(S). Because of (x) this map can be identified with
the map

Ext’ vy (FSpas Fopag) — Exti, (F§, Fs)-
The left hand side is isomorphic to
Exty (F4, Fopg) = Exti, (F§, Fs) @ Ext (F§, Fs @ msMe),

and the map = is just the projection onto the first factor. This proves (2). Moreover,
(1)follows along the same lines, since the automorphism of an extension (F, a, 3) in
E(S) can be identified in a natural way with the elements of Homx (F§, Fg). O

Suppose now that ¥ = {0} is a simple point and
W C Exti (F", F)
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is a subspace of finite dimension. Then we can form the tautological extension on
W x X
(+) 0O—Fy-SF L —o
that is over each point w € W the extension given by we Ext’ (F”,F'). In more
formal terms, W defines an element

EweBxty (F, Fl oWV,
and since WV represents the (linear) functions on W the latter space can be canon-
ically embedded into

EXtﬁ(XW(fI//{h]:I//V)

Thus &, defines an extension as desired. It is clear that the Kodaira-Spencer map
at each point of W can be identified with the given inclusion W C Ext’ (F”, F').

We will refer to (%) as the universal- extension over W. In particular we obtain the
following result.

PROPOSITION 5.3.9. Suppose that dime Ext, (F”, F') < oo and consider the
universal extension (F,o,3) over X x W, where W := Exty(F”,F'). Then
(F,a, B) is a semiuniversal deformation at each point of W.

This result can be sometimes useful to get versal deformations of modules.
Suppose that we are given a module Fy on a complex space X together with an
extension

(%) O—F -2 7y L 7.
Let pe Ext' (F”, F') be the corresponding class. Then the following holds.
COROLLARY 5.3.10. Suppose that the map induced by o, 3
Ext (F", F')— Ext (Fo, Fo)

is surjective. Let W C Ext (F", F') be a finite dimensional subspace containing p
and mapping bijectively onto Extﬁ( (Fo, Fo). Then the universal extension

O—Fyy—F—Fj,—0

defines a module which is a formally semiuniversal deformation of Fo at p. In
particular, the formally semiuniversal deformation of Fy has a smooth base space.

Note that if Fy admits a versal deformation then the universal extension is
semiuniversal (see 77).

EXAMPLE 5.3.11. Let us consider
Fo := Op1 @ Op1(n)
and the trivial extension
0—Op1 —Op1 ® Op1(n)—Op1(n)—0
on P'. Then the induced map
Extpi (Op1 (n), Op1 ) — Extpa (Fo, Fo)

is bijective. Hence a versal deformation of Fy is given by the universal extension,
and this universal extension even defines the semiuniversal deformation of Fy. The
dimension of the base space equals

dim Ext: (Op1 (n), Op1) = dim H* (P!, Op1 (—n)) = dim H*(P', Op1 (n—2)) = n— 1.



5.3. DEFORMATIONS OF MODULES 123

The reader may verify that by this deformation Op1 ® Op1(n) can be deformed only
into the bundles Op:(a) ® Op:(b), where 0 <a <b<nand a+b=n.

EXERCISE 5.3.12. Consider W := H°(P!, Op:(n — 2)) and the map

a = (7, xn_l,y"_l) :Opixw (2 —n)—0Op1yw ® OlP’le(l)@27

where [z : y] denote the coordinates on P! and 7 is the map corresponding to the
tautological section in H%(Op1 (0 — 2)), i.e. 7(w, [z : y]) = w(x : y). Show that
a semiuniversal deformation of Op1 ® Op:1(n) is given by F := Coker «, and that a
semiuniversal extension is given by

0—>O]P>1 xW i) .7:—>O[p>1 Xw(n)—>0,

where (3 is the composition of the inclusion map Op1 1y —Op1 1 © Op1 5y (1)P2

and the projection Op1yy @ Op1 oy (1)9? — F.
In general we have the following simple criterion.

EXERCISE 5.3.13. (a) Let X be a complex space and F', F" coherent Ox-
modules and
0—F —Fy—F"'—0
an extension. Suppose that the following conditions are satisfied.
(1) Exty(F,F') = Extx (F",F") = 0;
(2) Exty (F, F") =0;
(3) Exty (F”,F') has a finite dimension.
Then the map Extl (F”, F')— Ext (Fo, Fo) is surjective and so 5.3.10 applies.
(b) Assume that F', F" are line bundles with H*(X,F'V @ F”) = 0 and that
HY(X,0x) = 0. Check that then (1) -(3) in (a) are satisfied.

In the case of deformations of locally free sheaves we can improve the smooth-
ness criterion 5.3.5 as follows. For simplicity, we restrict to the case that X is a
simple point.

THEOREM 5.3.14. Let X be a compact Khler manifold and Fy a locally free sheaf

on X. Assume that H*(X, sl(Fo)) = 0, where sl(Fy) C End Fy is the subsheaf of
traceless endomorphism. Then the basis of a versal deformation of Fy is smooth.

PrOOF. Using 7?7 we need to show that for every deformation, say, F of Fy
over an artinian base § = (S, 0) the functor

Coh(S) 5 M — Exty (F, F @ m5M) = H'(Xs, (End F) ® m5M)
is right exact. Equivalently, we will verify that the functors
Mi— H'(Xs,sl(F)@miM) and M +— H'(Xg,0x @ TEM)

are right exact. But this again follows for the first functor from ?? (applied to
k=2, F =0Ox, and G = sl(F)) resp. is contained in 7?7 O

EXAMPLE 5.3.15. (1) Assume that X is a compact Khler surface withwx = Ox
and that Fy is a simple vector bundle on X. Then the basis of the semiuniversal
deformation of Fy is smooth. This follow from the fact that H?(X,sl(£)) is dual
to H(X, sl(€)) and so vanishes.

(2) Note that the result above also applies to line bundles £ on Khler manifolds
in which case si(£) = 0. Thus we obtain a new argument for that the Picard-variety
is smooth.
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In the remaining part of this section we will treat deformations of modules on
singularities. Let 7 : (X,0)— (%, 0) be a fixed holomorphic map of complex space
germs. For a space (5,0) € Ang o we consider S-flat modules M on (Xg,0) where
again Xg := X X5 S. These modules form a deformation theory F— Angg as
before. In analogy with 5.3.1 we have the following result.

PROPOSITION 5.3.16. Let a = ((S,0),F) € F(S,0). Then for M € Coh(S,0)
there are canonical isomorphisms.

Auts o(F/S, M) = Homx 4 (F,F @ 1* M),

Exs o(a/S, M) = Exty (F,F @ 7* M)y,
where the index 0 denotes the stalk at 0 and 7w : Xg——S is the projection.

The proof is the same is the same as that of 5.3.1. In particular it follows that a
module Fy on X := 7~ 1(0) admits a formally semiuniversal deformation provided
that Ea:tko (Fo, Fo)o has finite dimension. This, for instance, is the case if Fy has
an isolated singularity at 0, i.e. Fy is locally free on Xo{0}. More generally, the
following deep result holds.

THEOREM 5.3.17. (|Tra], [BKo]) If Extl (Fo, Fo)o has finite dimension then
Fo admits a (convergent) semiuniversal deformation.

In the following, let us always assume that Emtﬁ(o (Fo, Fo)o has finite dimension.
Concerning smoothness, we have —with the same proof- the analogous result as in
5.3.4.

PROPOSITION 5.3.18. If the vector space &m&o (Fo,Fo)o has finite dimension
and if Extg(o (Fo,Fo)o = 0 then the basis of the semiuniversal deformation of Fy is
smooth.

EXAMPLES 5.3.19. (1) If pdim¢ Fy < 1, i.e. Fy admits a resolution
(%) 0—0%, - 0%, —Fo—0
then the above £xt-group vanishes and so 5.3.18 applies. More concretely, the
module Extl (Fo,F)o is the cokernel of the map
a" : Hom(A"™, Fy)— Hom(A™, Fy),

where A := Ox,,0 and Fp is the stalk of Fy at 0. Take vectors Zi,..., 2, €
Hom(A™, Fy) whose residue classes generate Exty(Fy, Fy) as a vector space, and
consider matrices M; € Hom(A™, A™) mapping onto Z; in Hom(A™, Fy) under
the map induced by A" —Fy. Now the versal deformation can be described in
algebraic terms as follows. Let B = A{t1,...,tx} be the free power series ring over
B and F' the cokernel of the map

B™—B",
where the map is given by M := a+ > t;M;. Observe that by [Mat]
0—B"—B"—F—0
is exact and that this sequence when tensored with A gives the original sequence
(x). In particular F is flat over C{¢y,...,tx}. The reader may verify that the sheaf
on (X x Ck,0) associated to F is the semiuniversal deformation of Fy.

(2) Let (X0, 0) be a Cohen-Macaulay singularity and wx, the dualizing module.
Then Exty (wx,wx,) =0 for i > 1 (see??) and so wy, is rigid.
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EXERCISE 5.3.20. (1) Let f = g - h be a reducible nonzero element in the
maximal ideal of C{ty,...,t,} and let (X, 0) be the analytic germ defined by Ox o =
Cltr, ... ta}/(f)- Set Fo = Ox,0/(9)-

(a) Show that

g h g
.— Oxo0— Oxo0— Oxo—Fo—0

is a free resolution of Fy as Ox g-module.
(b) Show that Extk (Fo, Fo)o = 0 if and only if g and h are relatively prime.
(C) ShOW that SItg((]:o,]:o)O = Oxvo/(g, h)OX,O-
(2) For which i, n is Q. rigid on P"?

5.4. On the dimension of the base space of the semiuniversal
deformation

In this section we will generalize th smoothness criterion given in 5.1.1. In
general the Ex-functor considered there is not exact. The purpose of this section is
to introduce a certain number, say k, measuring to what exact this functor is not
exact. Our main result is that the dimension of the base space of the semiuniversal
deformation has dimension at least

dim Ex(ao,C) — k .

We remark that later on we will introduce obstruction theories associating to every
deformation a over a base S an Og—module ob(a, Og), and to every extension of
S by Og an element of this module which vanishes iff the deformation a admits
an extension. We will show that with such obstruction theories we have even
that the basis of the formally semiuniversal deformation is given as a subspace of
(X x €",0)" by at most k = dimc ob(ag, C) equations, where n = dim¢ Ex(ag, C)
is the number of infinitesimal deformations.

In practise it is cumbersome to construct effective obstruction theories. The
advantage of the main result of this section is that only exactness properties of the
Ex—functors are needed.

Let p: F — An be a deformation theory and let ag € F(0) be an element with
Ex(ag, C) finite dimensional so that ag admits a semiuniversal deformation b over
some base (T',0).

The main result in the following theorem.

THEOREM 5.4.1. Assume that for every deformation a over an artinian base
S and every exact sequence of Os—modules 0 — Og/mg — M — M’ — 0 the
cokernel of the map

Ex(a/S, M) — Ex(a/S, M")
has dimension at most k. Then the basis (T,0) of the formally semiuniversal de-
formation of ag has dimension at least
dim¢ Ex(ag,C) — k .
The essential tool for the proof is the following lemma.

LEMMA 5.4.2. Let 0 = M — M — M"” — 0 be an ezxact sequence of Op—
modules and

Homp (QlT—, M") = Der (O, M") 9, Ext (Q%, M)

be the boundary map in the associated long Ext-sequence. Then the following hold.
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(1) There is factorization

Der (O3, M")

Ext% (Q%7 M')
Ex (b/T, M")
(2) There is an exact sequence of artinian modules 0 - C - M — M" — 0

such that O becomes surjective.

~ PrOOF. For the proof of (1) observe first that df s is surjective by the versality
of b. Therefore and in view of the Kodaira-Spencer sequence it suffices to show that
O vanishes on the image of the map 3" in the following commutative diagram

Aut(b, M") L+ Der (07, M") 55 Ex(b/T, M") — 0
l ”
Ex(b, M) —— Ex(T, M’).

Again by versality Ex(b, M’) = 0. Therefore &’ vanishes on the image of 3. Since
there is an factorization of 9’ as

Der (O, M") A Extk (Qf, M) . Ex(T, M’)

with j being injective, see ??, this implies that @ vanishes on image of 5" too.

For the proof of (2) set Op, = Of/ m%“ and denote by m,, C O, the maximal

ideal. Dualizing m,,, Or, as vector spaces over C gives a sequence of OF—modules
0—>(C—>(’)E,/~n —m) — 0.
The module Oy, is an injective O, -module since
M — Home,, (M,0y. )= Homc(M,C)

is an exact functor on the O, -modules. Hence ExtlTn (QlTn,(’)%z) = 0 and so the
map 9, in the diagram

-+ — Der (Op,mY) 2. Exth (QF,C) — -

T

oo —Der (Og,,mY) 2 Exth, (24 ,C) — 0

is surjective. As 7, is surjective for n > 0 also 0 has to be surjective. O

PROOF OF 5.4.2. Let T, C T be the n*® infinitesimal neighbourhood, b the
semiuniversal deformation of ag, and b, := b|T,,. Write O = R/I with R :=
C[[X1,...,X4]], where d := dim Ex(ag, C) so that I C m%.

Using 77 it suffices to prove that

(%) dim Ext} (0}, C) <k .
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By 5.4.2 (2) there is an exact sequence of artinian modules 0 — C — M — M" — 0
such that the map 0 in the commutative diagram

Der (O3, M) — Der (05, M") 2 Ext} (5, C)— 0

SKs l OKs l
Ex (5/T, M) — Ex (3T, M"
(/7. M) —» Ex (B/T. M)
is surjective. By 5.4.2 (1) the map 0 can be factored as shown by the dotted arrow.
Since b is the semiuniversal deformation, the Kodaira-Spencer maps are surjective.

A simple diagram chasing shows that coker v is isomorphic to Ext;; (QlT7 (C). Using
the assumption that coker~ has dimension < k, (x) follows. 0

In the case of normal compact complex spaces we obtain the following estimate.

PROPOSITION 5.4.3 (Deformations of compact spaces). Let X be a normal space
and (S,0) the basis of the semiuniversal deformation of X. Then
dimg S > dim¢ Ext’ (2, Ox) — Ext% (Q%, Ox).
PrOOF. Let m : X — T be a deformation of X over an artinian base. Uisng
the above criterion and the identification
Ex(X/T, M) & Exty (Q g, 7*M),

we need to prove that for an exact sequence 0 — Or/mp — M — M” — 0 the
induced map [ in the cohomology sequence

(¥) .. = Exth(Qkp 7 M) R Extl (2% 7, m*M") — Ext}(Q% 7, Ox)

has a cokernel of dimension at most & := dim¢ Extly (2% 7> Ox). 1t follows from
5.1.8 that the canonical map

Ext?,{(Q%(/T, Ox)— EXtQX(le/T, Ox)

is surjective, i.e. EX@(Q& /O x ) has dimension < k. In view of the exact sequence
() this proves the result. U

We can state a similar result for locall trivial deformations. The proof follows
again from 5.4.1 since the infinitesimal deformations are given by H!(X,0x) and
the number k in loc.cit can be estimated by h%(X,0x).

PROPOSITION 5.4.4 (Locally trivial deformations). Let X be a compact complex
space and (S,0) the basis of the formally semiuniversal locally trivial deformation
of X. Then

dimg S > h'(X,0x) — h*(X,O0x).

The special case of complex manifolds is of particular importance and so we
state it in the following corollary.

COROLLARY 5.4.5 (Deformations of compact manifolds). Let X be a compact
complex manifold and (S,0) the basis of the semiuniversal deformation of X. Then
dimOS Z hl(X, @X) — hQ(X, @X)

In the same way we can deduce the following two applications to deformations

of subspaces and modules; the proofs are analogeous to the proof of 5.4.3 and left
to the reader.
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PROPOSITION 5.4.6 (Deformations of subspaces). Let X C Z be a compact
subspace with ideal sheaf J C Oz and p = [X] € Hy the associated point in the
Douady space. Assume that the following condition is satisfied.

(*) grader Ox > 1, where T denotes the analytic set of points where J is not
locally generated by a reqular sequence.

Then
dim, Hz > dim¢ Homyx (7 /J?%, Ox) — dime Ext (7 /J?, Ox).

PROPOSITION 5.4.7 (Deformations of modules). Let X be a complex space and
F a coherent sheaf on X with compact support. Then the basis of the semiuniversal
deformation of Fy has dimension at least

dimc Ext} (F, F) — dime Ext% (F, F).

REMARK 5.4.8. There is also a relative version of 5.4.1 as follows. Let p: F —
Ans ) be a deformation theory and ag € F(0), where 0 denotes the reduced point.
Assume that for every deformation a over an artinian base S € An(s o) and every
exact sequence of Og—modules 0 — Og/mg — M — M’ — 0 the cokernel of the
map

EX(Z.,O)(U'/S’ M) - EX(Z,O) (a/S7 MN)

has dimension at most k. Then the basis (T,0) of the formally semiuniversal
deformation of ag has dimension at least dimc Ex(s; (a0, C) — k.
One might be tempted to ask whether the stronger estimate

Q) dimg T > dimg ¥ + dim¢ Ex(s,0) (a0, C) — k

holds. However, this is not true in general. For instance, take the embedded
deformations of a point, say, = in some space X € An( ). Then the versal
deformation is given by (X, z) (see ??7) whereas in general the estimate (Q) is not
true. For instance, the most striking example is given by X := {z} a reduced point.

5.5. Deformations of complexes and applications

Deformations of complexes. Let K7, j € Z, be a fixed family of coherent
modules on a given complex space X. To these data we can associate the following
deformation groupoid p : E — An: an object over S is given by a complex of
Ox xs—modules

(Ks,9),
where K% := pj(K7) with p; : X x S — X the projection. Thus such an object
corresponds uniquely to a morphism 9 : K& — K% of degree 1 satisfying 9 = 0.
Moreover the morphisms in E are given by morphisms of complexes. Using 77 it
follows that this constitutes a deformation theory.

It is easy to describe the modules of infinitesimal automorphisms and deforma-
tions

Aut ((K*,0)/S,M) and Ex((K* 0),M)
for this deformation theory. Let py : X X S — S be the projection onto S and let
H? (Hom (K%, K% @ psM))

denote the cohomology of the complex Hom (K%, K% ® p5M). Recall that an el-
ement of H? (Hom (K%, K% ® p5M)) is just the homotopy class of a morphism of
complexes K — K& ® ps M of degree p.
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PROPOSITION 5.5.1. There are canonical isomorphisms
(1) Aut ((Kg,0), M) = H? (Hom (K, K§ ® psM)).
(2) Ex((K%,0), M) = H' (Hom (K%, KLY ® psM)).

PRrooOF. For the proof of (1) let
¢ Ky —Kgm
be an infinitesimal automorphism of
S =Ks @K ®@paM-e,

where we equip this complex with the differential 9 = 0+ 9®id, -c. This automor-
phism can be written as ¢ = id 4+ - with a morphism ¢, : K — K @p5M. The
reader may easily verify that the equation dyp = 0 is equivalent to (0 ®idaq)p2 =
©20. Thus associating to ¢ the map @2 gives the desired bijection in (1).

For the proof of (2) let O be a differential on K3aq with 0 =0 mod . We can

write @ = 0 + 1) - € with a morphism
P KE—K% @ pyM
of degree 1. The condition 9% = 0 is equivalent to (9 ® idaq)e + 0 = 0. Hence

1) defines an element in H' (Hom(K%, K% ® p3M)). The reader may easily check
that this gives a bijection as required in (2). (I

5.5.2. Assume now that ' = 0 for i > 0 and that there is given a structure as
a complex K® = (K*,0) on X such that

FO y D= 0

0 ,p#0.

In particular F is a quotient of X°. Now let us consider a deformation
K% = (K%, 0s)

over the germ (S,0) of (K%,d), i.e. Js induces 9 on the special fibre. By ?7
HP(K%) =0 for p# 0 and F := H°(K%) is flat over S. Hence we obtain a natural
functor

() = {

E— Quotyo
of fibrations in groupoids. In particular we get induced maps of the infinitesimal
deformations. Using the identification from 77, 7?7 this amounts to a map

B: H' (Hom(K*, K®* ® pyM)) — Homy, (G, F @ psM)

where G := ker(K% — F). Using the explicit form of the correspondences in the
proofs of 7?7 and ?? this map associates to a morphism of complexes ¢ : K®* —
K* ® psM of degree 1 the map

B(p) = ¢ : G=ZHHK®) — F @ psM = H(K* @ pyM).
Later on we need the following criterion for when [ is surjective.
LEMMA 5.5.3. If moreover K® is a bounded complex and if
(V) Extf ] (ic’g,/c’g*p ® p;M) —0 forallp>0andk<—1,

then (3 is surjective.
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ProOOF. Counsider the following diagram

...—>I€72—>I€71 i»léo—»f®p;M4>O
A A A

w2 Ppmt iy ”

’C§3£’K§2ilc§1 ‘g - 0

of solid arrows, where KJ = /C{g ® psM. We have to find homomorphism ¥’ as
indicated by the dotted arrows such that the above diagram becomes commutative.
Assume that 1,7°,..., 9% (k < 1) are already constructed. The composition ¥*0
defines a morphism

YFo Kk —TIm (I@Hl 2, Kk+2) = Zk+2,

Using the exact Extx, (K¥, —)-sequence associated to the short exact sequence
0_}2k+1_)]€k+1_>zk+2 _)0
the map ¥*0 can be lifted to a morphism *~1 : K& — KETT if
(%) Extﬁ(s (/Cg,Zk'H) =0.
The exact Extx,(K¥, —)-sequences associated to the short exact sequences
O_>2k7l+1_>’€k7l+l_>zkfl+2_>0
together with our assumption (V') show that
Extly, (K&, 2F172) =2 Bxt!! (K&, 241, 1> 1

As by assumption Z¥~!+1 vanishes for [ > 0, (x) follows. (]

Applications to codimension 2 subspaces. A case of particular interest is
when the complex in question arises as complex from a structure theorem. As a
first example let

(%) 0—& 5 F—O0x—0y—0

be a locally free resolution of Y such that Y C X is a subspace defined by an ideal
T C Ox of grade 2. For instance, the grade condition is automatically satisfied if X
is Cohen-Macaulay and Y has codimension 2 in every point. We note the following
simple lemma.

LEMMA 5.5.4. Let (S,0) be a germ of a complex space and 3 : Es — Fs be a
homomorphism with 3(0) = «, where the index S denotes the pullback to X x S.
Then there is an exact sequence

(ﬁ) O—M‘:S Lf5—>(9x><s—>0y—>0

inducing (x) on the special fibre. Moreover, up to isomorphism this sequence is
uniquely determined by (.

e
PROOF. The map 3 defines a map A 3, where e := rk&. We have canonical
isomorphism

det€s 2 det Fg, Fg = [\ Fs@det F .
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e
Therefore A 3 defines a section in
N\ Fs @ det£f = \ Fg @ det F§ = F§

€
so that A 8 amounts to a map v : Fs—Oxxs. The reader may verify that

(%) 0—¢&s 2, Fs - Ox xs—0Oy = coker y—0

is a complex which on the special fibre can be identified with (x). Using ?7 it
follows that () is exact. Conversely, applying Homo (=, O0xs), it follows that
the section vV of F¢ is the kernel of 8V, and is thus unique up to isomorphism. [

To apply the result above, consider a subspace S C Hom(&,F) of finite di-
mension containing « and let 3 : £¢ — Fg be the “tautological” Ox -linear map
with Bg(s) = s. We can consider the exact sequence (x*) constructed in ?? so that
Y C X x S is a closed subspace that is S—flat over a neighbourhood of o € S. We
get an associated Kodaira-Spencer map

(A) oks : S — Hom(Z/Z?, Oy) .
By the considerations above this is the composite of the homomorphism
S C Hom(&, F)— H*(Hom(K*, K*))— Hom(Z/Z?, Oy)
which we studied above; here *® is the complex 0 — & — F — Ox — 0. Thus we

get the following results:

COROLLARY 5.5.5. Assume that Y C X is a compact subspace and that the
groups H' (X, End &), HY (X, End F) and H*(X, Hom(F,&)) vanish. Then we can
choose S such that (A) is surjective. Moreover, the subspace Y C X xS constructed
in ?? is the versal embedded deformation of Y C X (at the point o € S). In
particular, the Douady space Hx is smooth at [Y].

The proof follows from the fact that the Kodaira-Spencer map
V— Hom(Z/Z?, Oy)

is surjective by 7?7 and ?77.

Note that if in addition the map Hom(Z/Z?, Oy) — Ex(Y,Oy) is surjective,
the deformation ) above is also a versal deformation of the compact complex space
Y. Thus the following result holds.

COROLLARY 5.5.6. Assume that the following conditions are satisfied.
(1) HY(X,End€&) = HY(X,End F) = H*(X, Hom(F,E)) = 0.
(2) Ex(X,0y) = 0.
Then the composed map

Hom(€, F)— Hom(Z/Z?, Oy )— Ex(Y, Oy)

is surjective. Moreover, if the group Ex(Y,Oy) has finite dimension and S above
is chosen in such a way that it surjects onto Ex(Y, Oy) then the deformation Y of
Y constructed above is formally versal for Y. In particular, the basis of a formally
versal deformation is smooth.
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EXAMPLES 5.5.7. (1) Assume that X = P" and that

e e+1
E=EPo(-b) and F=P0O(-a)
i=1 i=1

are direct sums of line bundles on P". As before let a : £ — F be an Opn-linear
map; note that such a map is given by an e x (e + 1) matrix of homogeneous
polynomials. Assume as before that the subspace Y given by the vanishing of the
maximal minors of « has codimension 2. If n > 3 then the vanishing conditions in
the above result are automatically satisfied. Thus the versal embedded deformation
of Y C P" can be obtained by deforming the entries of the matrix «. If moreover
H(Y,Op» @ Oy) = 0 then even all deformations of Y are given in this way. Note
that this last vanishing condition is automatically satisfied in the case that n > 5.
This follows easily from the sequence

O—)@Pn ® g—>®]pn 024 .7:—)@]11”1 —)@]Pm ® OY—)O
and the fact that H? (P", Opx (j)) vanishes for 0 < i <n — 1 and all j.

Observe also that in the case n = 4 the group H' (IP’4,®P4 ® (’)y) does not
vanish necessarily. For instance if Y C P* is the intersection of two quadrics then
Y is a K3-surface which admits always deformations that are not embeddable into
P4

(2) As a particular case consider the map

Ops(—5) @ Ops(—3)—Ops (—2)@2 @ Ops(—4)

( I g9 Xo >

X; X, O

where f,g € HO(P3, Ops(3)) are sufficiently generic. The reader may easily verify
that the curve Y given by the vanishing of the 2—minors of this matrix is the union
of the line {X; = X = 0} and the plane curve {Xy = fX3 — gX; = 0}. Thus
it has a unique singular point at [0 : 0 : 0 : 1]. Deforming the matrix the zero in
the lower right corner always survives and so gives rise to a singular point on the

deformed curve. It follows that Y cannot be deformed into a smooth curve in P3.
Moreover, applying Hom(—, wps) to the resolution (f) we obtain a presentation

given by the matrix

wps (2)%? @ wps (4)—wps (5) © wps (3) —wy —0

Hence the dualizing module of the affine cone over Y has no generator in degree
0. From ?? we deduce that all deformations of Y are embedded. Thus Y is not
smoothable as a compact complex space. For further examples, see [?], [Ste].

(3) ([?]) Let X be a smooth surface and Y C X a subscheme of dimension 0.
Replacing X by a small Stein neighbourhood of Y in X we may assume that X is
a Stein manifold and that Y admits a resolution

0—E& -5 F—0x—0y—0

with free modules £, F on X. Obviously, the conditions in 7?7 are satisfied. Hence
we obtain that all deformations of Y in X are obtained by deforming «. In particular
we obtain that the Douady space Hx is smooth at [Y].
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EXERCISE 5.5.8.

1. Given a (2 x 3)—matrix as in Example (2) above, assume that f, g are generic,
but this time with deg f = degg = m > 1. As before let Y denote the vanishing
locus of the (2 x 2)—minors.

(a) Determine the minimal resolution of Oy-.

(b) Discuss the (embedded) deformations of Y: are there any cases in which
Y is smoothable as a curve in P37

(¢) Are there any cases in which not all deformations of Y (as a complex
space) are embeddable?

2. (see [?]) Assume that the complex

e e+1
K*: 0—& = P O(~b)—F = P O(~a;)—Opr —0
i=1 i=1
on P n > 2, defines a subspace Y of codimension 2 in P".
(a) Using the method of proof in ?? show that
H! (Hom(K*,K*)) — Hom(Zy,Oy)
H° (Hom(K*,K*)) — Hom(Opn,Opn) =C
are bijective.
(b) Show that H' (Hom(K®, Opn)) = 0 for i > 0 and that the map

H? (Hom(K?*, Opn)) — H? (Hom(K*,K*))

induced by the inclusion Opn — K* is bijective.
(c¢) Deduce from a) and b) that the dimension of Hpn at [Y] is given by

X (Hom(K*®, Opn)) — x (Hom(K®,K®)) -1,

where for a finite complex V'* of finite dimensional C—vector spaces x(V'*)
denotes the Euler characteristic, i.e. x(V*) = >(—1)*dim¢c V®. Show
that this number is equal to

b,-aj+n>+ (ajbi+n>_ <blb]+n>_ (aiaj+n>.

biZaj a; Zaj
3. Assume that the curve Y C P3 is given by a resolution as in Ex. 2 above.

(a) Show that the degree degY and the arithmetic genus p,(Y) =1 — x(Oy)
are given by the formulas

= ex ()

%

bi —1 a; — 1

()20
(Hint: to compute degY show that x (Oynm) is given by the formula
above, where Y N H is a generic hypereplane section of Y.)

(b) Show that a general map & = O(—6)%? — F = O(—5)%2 @ O(—2) defines
a smooth curve Y C P2 of genus 12 and degree 9 and that the dimension
of Hps at [Y] is 38. But there is another component of Hps which pa-
rameterizes curves of degree 9 and arithmetic genus 12. It corresponds to
maps £ = O(—4)%2 @ O(-7) — F = O(-3)® @ O(—6). Show that each

pa(Y)
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curve of this type is reducible and cannot be smoothed. Show that the
dimension of this component of Hps is 39.

4. Show that the maximal minors of the n x (n + 1) matrix

z y 0 -+ 0 O
0O y -~ 0 O
00 0 - =z y

define the n*® power of the maximal ideal of Ocz2, , thus the (n — 1) infinitesimal
neighbourhood Y of 0 in C2. Determine a finite-dimensional vector space S of
n %X (n 4 1) matrices that will describe a semi-universal deformation of Y.

5.6. The case of codimension 3 Gorenstein subspaces

Let us now turn to the case that Y is a subspace of a given complex space X
which admits a resolution

(%) 0l 9L eV oL O OOy —0
where « is given by a skew symmetric form in HY(X, /2\5 ® LY). Moreover we
assume that we always have the following conditions
(%) gradeyy Z >3 where Z C Ox is the ideal sheaf of Y .
Note that the above conditions ensure that

k& =2r 4+ 1 is odd.
Furthermore taking determinants in (x) gives that

L= L% =2 det& .
It is well know that one can reconstruct in a natural way the sequence (x) from the
knowledge of a. This is done as follows. Consider « as an element in Hom/( /2\ EV LY.
Taking the " power a(") defines a map ;{EV — L7, i.e. a section in 7{5 QL.
As L7" = det £ this amounts to a section /T\a € H°(X,€&Y). Thus we get maps

L—E' oL, £€—O0x,
and it is easy to verify that
0—L—EY @ L E—Ox

is a complex. Moreover, in points, where o has maximal rank, this sequence is
exact and is just the sequence (*) up to isomorphism.
We note the following lemma.

LEMMA 5.6.1. Under the assumptions above, let (S,0) be a complex space germ

2
and € H'(X x S, \Es @ Ls) a skew symmetric map inducing o on the special
fibre. Then there is an exact sequence

(ﬁ) 0—>£5—>€g{ ®Lsg L ESHOXXS—)OQJ_)O
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inducing (x) over 0. Moreover, Y C X x S is a closed subspace which is flat over

S.

PROOF. By the construction preceding the lemma we get a complex () induc-
ing (%) over 0. By 77 it follows that (#) is exact and ) is flat over S. O

2
Let us now consider deformations of a given skew symmetric map o € H*(\ £®
LY): such a deformation open a germ (S, 0) consists of a skew symmetric map (3
as in the preceding lemma. It defines in particular a subspace J C X x S which
is S—flat. Thus we get a functor from the category of deformations of « into the
deformations of Y.
In a next step we want to compute the associated map of infinitesimal defor-

2
mations. Let 3 € HO(X x S, A Es ® LY) be given and assume that M is a coherent
Og—module. A skew symmetric map

B E§pn © Lspm—Esim)

- 2
has the form 3 = §+ /e with a section o/ in (A £¢) ® L5 @ ps M. Thus the space
of infinitesimal deformation for skew symmetric maps is

2
Ex(8/8, M) = H*(X x S, \ &§ @ Ls @ psM) .

The above functor defines a map of infinitesimal deformations

2
9 HY(X x 5,/\5; ® Ls @ psM)— Homx (T /T?, Oy)

where J C Ox«g is the ideal sheaf of ).
We wish to give an explicit description of this map in terms of linear algebra.
Given (8 we can define as above

5(T) S Hom (Eg/[M] s Eé[M]) .
Module M this induces 3("), and since €2 = 0, we have
B =B 4 gr-Ng/e
see 7?7. Multiplying by B gives B(T)B =0, and so

0 = (g(?‘) + ﬂ(rfl)a%) (B + a'e)
- c(rasana).
i.e. the diagram
)
oLy —L wes L L7

o l lﬁ(rl)a/ :
) v

Es @ psM 2 pEM —— Oy @ pisM

commutes. In particular it defines a map as indicated by the dotted arrow.
We claim:

LEMMA 5.6.2. 9(a') is the map J— Oy @ psM induced by 37V,
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PrOOF. This is an easy consequence of the fact that B defines the subspace Y
given by the complex

5 5
Edim © Lspa — Espm) — Oxgppy—05—0.

O

In order to give criteria for when every deformation of Y comes from a defor-
mation of the skew symmetric map we need the following crucial proposition.

PROPOSITION 5.6.3. There is a resolution
08l 2 ((S2)VeL)eEHEevee LS
2
Hom(N\EY, L) -2 Hom(Z/T2,0y) — 0 ,

2
where ¥ is the map of infinitesimal Hom(\ EV, LY) deformations defined above (for
the case that S is a simple point and M = Og).

PROOF. Let us first define the maps g;, i = 0,1,2. Let ga(e* @A) := (e* Vo' ®
A, —ae* @ N))
a(efve)@Xe) = es@ale]®@N) +ef@ale; @) +¢  @e
gole*®e) = [ale" @A) ®e—e@ale*@N)]A
where X is a local basis of £ and e, e* are local sections in €Y resp. €. (Note that
Hom(/Q\ EV,LY) is considered as a subsheaf of £ ® £ ® LV.) Using the relations
alp¥ @A) =0, poa=0

the reader may easily verify that g; 0 go = 0 and gg o g1 = 0. Recall that J(a’) is
the map induced by
o Vo E—0x .
Assume that 9(a/) = 0, i.e. o’al""Y(E) C Fy. Then locally we find a map
in Hom(&,E) = £ ® & such that o) - 8 = o/a"~D.! Hence a - 3 = o/; observe
that a has generally maximal rank r and so

2 2r
AU /\5 ® Ev—>/\5 ® L7 = Hom(EY,Ox)
is injective. But the equation a - 8 = o’ is equivalent to go(3) = &’ (up to a sign ?)
This also shows 9 o gg = 0.

It remains to show that the rest of the constructed sequence is exact. Because
of 77 it is sufficient to show this at points in X \ Y, i.e. we may suppose that

a) L2 Ox
b) £ = F® Ox and

042.7:V®0X*>.7:®OX
has the form (3, 0) for some isomorphism 3 with 8 = —4.

But in this case the reader may easily verify that the above sequence is in fact
exact. (]

INote that inner multiplication gives: oM . 3= a(’"_l)(a -6)
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COROLLARY 5.6.4. Assume that
H¥(X, &V @ L) =H*(X,E) = H}(X,S?¢V @ L) = H' (X, 2 &) =0.
Then the map

2
9 H(X, \ € ® £Y)— Hom(Z/I* Oy)

2
is surjective. In particular, if S C H*(X, ANERLY) is a finite dimensional subspace
containing o and mapping surjectively onto Hom(Z/Z?, Oy) then the tantolocial
sequence (f) defines a subspace Y C X x S which is flat over (S, ), and which is
formally versal for the embedded deformation Y C X. In particular, if moreover
Y C X is a compact subspace then the Douady space Hx is smooth in [Y].

COROLLARY 5.6.5. Assume that the composite map
2
H(X, \ € ® £Y)— Hom(Z /1% Oy)— Ex(Y, C)

2
is surjective and Y is finite dimensional. S C H*(X, NE® L) be a linear subspace
of finite dimension containing o, and let Y C X x S be as above. Then Y is a
formally versal deformation of Y over the base space (S, ). In particular, the basis
of a versal deformation of Y is smooth.

EXAMPLES 5.6.6. (1) Let X be a threefold and ¥ C X a compact subspace of
dimension 0 which is Gorenstein. Then the Douady space Hx is smooth at [Y].

(2) Let Y C P™ be an arithmetically Gorenstein subschemes of codimension 3.
By the structure theorem of Buchsbaum-Eisenbud there is a resolution

0—L—ERL - E—Ox—Oy—0

where « is skew symmetric and £ is a direct sum of line bundles. If n > 4 then
the conditions in 77 are satisfied. Thus all embedded deformation of Y C X are
obtained by deforming « as a skew symmetric map.






CHAPTER 6

Openness of versality and applications

6.1. Openness of versality

Let p: F — Any be a deformation theory. In this section we will examine the
question as to when for an object a € F(S) over a complex space S € Any, the set
of points

{s € S| a is formally versal at s}

is an open subset of S. If this is the case then we also say in brief that openness
of formal versality holds for a. The aim of this section is to give a fairly general
criterion for openness of formal versality for any deformation theory.

A crucial condition in our criterion is the existence of a so called obstruction
theory for a. Roughly speaking, an obstruction theory assigns to each extension
S— S’ of S by M an obstruction ob(S<S") in a suitable module which vanishes if
and only if there is an extension a<—a’ in F over S<—S’. For instance, in the case of
a smooth proper holomorphic map f : X— S with unobstructed fibres we will see
that we can take the trivial obstruction theory which is identically zero. Thereby
we will verify that the set of points s € S in which f is the versal deformation of its
fibre, is Zariski open in S. More generally, in later sections we will show that for all
the deformation theories considered so far, e.g. deformations of compact complex
spaces, of modules, of subspaces and of singularities, one has natural obstruction
theories so that our criteria are satisfied. Thus in these examples we always have
openness of versality. In the case of deformations of modules and locally trivial
deformations of compact complex spaces we will prove the existence of a natural
obstruction theory in the next section. However, for the general case of deformations
of compact complex spaces and singularities we need the machinery of cotangent
complexes and so we postpone this construction to Chapt. 6.

Before proving a first criterion for openness of formal versality we need a few
preparations. First we provide a simple criterion for when an open subset of a
complex space is Zariski open.

LEMMA 6.1.1. Let S be a complex space and V' C S a subset. Then the following
condition are equivalent.
(1) V is Zariski open.
(2) For every closed irreducible analytic subset T C S meeting V there is a
Zariski open dense subset U C T such that U C V.

PrOOF. The implication (1)==-(2) is obvious. For the converse, observe first
that it is sufficient to show that V' NS’ is Zariski open for every irreducible com-
ponent S’ of S. Hence replacing S by S’ we may suppose that S is irreducible. If
V # 0 then by assumption there is a Zariski open dense subset U C S such that
U C V. Then A := S\U is a proper analytic subset of S. By induction we may

139
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suppose that V' N A is Zariski open in A or, equivalently, that A\(V N A) is an
analytic subset of A. AsU CV,

A\(VNA) =8\V
and so V is Zariski open. ([

Let now p : F— Any be as above and consider an object a € F' lying over
S € Any. In 3.3.1 we defined for a coherent Og-module M the groups

Exs(a, M), Exs(a/S, M)
Auts(a, M), Auts(a/S, M).
We can sheafify these constructions to obtain sheaves on S which we denote by
Exs(a, M), Exs(a/S, M)
Auts(a, M), Auts(a/S, M).
For instance, Exx(a, M) is the sheaf associated to the presheaf
U +— Exx(alU, M|U), U C S open.

Similarly we can form the sheaf Ex(S/%, M) derived from the groups Ex(S/3, M).
With these notations we can state the following variants of 3.3.3,3.3.4 and 3.4.15.

PROPOSITION 6.1.2. (1) For every exact sequence
0—M —M—M"—0
there is an exact sequence of sheaves
0 — Auts(a, M') — Auts(a, M) — Auts(a, M") —
Exs(a, M) — Exs(a, M) — Exs(a, M),

and similarly for
Auts(a/S,—) , Ezxs(a/S,-).
(2) There is a Kodaira Spencer sequence
0 — Autg(a/S, M) — Auts(a, M) — Ders(Og, M) —
Exs(a/S, M) — Exs(a, M) — Exx(S/E, M).
(8) a is formally versal at s € S if and only if Exs(a, Os/ms)s = 0.

PrOOF. (1) and (2) follow immediately from 3.3.3, 3.3.4 respectively. Moreover
(3) is a reformulation of 3.4.15. O

We also note the following simple fact.

LEMMA 6.1.3. The sheaf Ex(S/X, M) is coherent for every coherent Og-module
M.

PROOF. Since the question is local we many suppose that S admits a closed
Y-embedding into some open subset, say, M of C™ x 3. Then it follow from the
Zariski-Jacobi sequence that

Ex(S/%, M) = Coker(Ders (Opr, M) — Homs(T | T?, M)),
where J C Oy is the ideal sheaf of S<—M. Hence Ex(S/%, M) is coherent. O

For the formulation of the results below it is useful to introduce the following
notation.
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DEFINITION 6.1.4. We will say that an additive functor A : Coh(S) — Coh(S)
satisfies the generic principle if the following condition is satisfied.

(GP) For every closed reduced subspace T of S there is a Zariski open dense
subset U C T such that the canonical map

A(Or) ® Or /my — A(Or/my)
is bijective for all t € U.
We are now able to prove the following first criterion for openness of versality.

THEOREM 6.1.5. Assume that for a € F over S € Any the following two
conditions are satisfied.
(1) Exx(a, M) is a coherent Og-module for all M € Coh(S).
(2) The functor Exx(a,—) satisfies the generic principle.

Then openness of formal versality holds for a.
PrROOF. We need to show that the set
Vi={seS:E&xx(a,0gs/my) =0}

is Zariski open in S. For this we verify condition (2) of our criterion given in 6.1.1.
Let T C S be a closed reduced subspace meeting V. By assumption there is a
Zariski open dense subset U; C T such that

(3) 5.1'2((17 OT) (9 (’)T/mt = Exz;(a, (’)T/mt).
Consider the Zariski open subset of T’
U :=U; N (T\supp(€Exs(a, Or))).

We claim that

(i) U # 0, and

(i) UC V.
In view of 6.1.1 this will prove the result. (ii) is immediate as U C U; and so (3)
holds. In order to show (i) consider a point ¢t € TNV, so that Exx(a, Or/m;) = 0.
By a simple induction on n it follows that Exx(a, Op/m}) =0 for all n > 0. By 77
the canonical map

Ers(a,O0r)) — lim Exx(a, O /m})

is injective, where * denotes the m;-adic completion. Hence we deduce that the
stalk Exx(a, Or); vanishes and so T\ supp(Exs(a, Or)) is non-empty. It follows
that U is also nonempty as required. ([l

Usually the modules Ezx(a, M) are difficult to describe, so that in practise it is
hard to verify the assumptions of 6.1.5. Therefore we will reformulate the criterion
above into conditions for the sheaves £xx(a/S, M) and certain modules which we
call obstruction modules. We will introduce them as follows.

DEFINITION 6.1.6. An obstruction theory for a € F(S),S € Any, consists in a
functor

Ob(a,—) : Coh(S)— Coh(9),

such that the following condition is satisfied.
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(Ob) For every M € Coh(S) there is a map
ob: &x(S/E, M)—Ob(a, M)
which is functorial in M so that the sequence
Exy(a, M)—Ex(S/X, M)—Ob(a, M)
is exact.

In other words, given a ¥-extension S<— S’ of S by M € Coh(S) then ob([S’]) =
0 in Ob(a, M) if and only if locally in S we can find an extension a~—a’ of a by M
over S—S’.

ExXAMPLES 6.1.7. A particularly simple case is when for every point s € S
the object a(s) := a ® Og/mg admits a versal deformation, say, b over a germ
(T,s) (for simplicity we suppress the dependence on s), such that T is smooth
over . We claim that in this case we can take Ob(a, M) := 0 as an obstruction
theory. In fact, if locally around the point s there is an extension S<—S’ of S by
M then we can find an extension a<—a’ over S— S’ as follows. By versality, there
is a morphism of germs f : (a,s) — (b,s). Let g := p(f) : (S,5)—(T, s) be the
underlying morphism of complex spaces. Since T is smooth over ¥, g can be lifted
to a morphism ¢’ : (5,s) — (T, s). Then a—a’ := a xg .5’ is the desired extension
of a.

We are now able to rephrase 6.1.5 in terms of an obstruction theory as follows.

THEOREM 6.1.8. Assume that a € F(S) admits an obstruction theory such that
the following conditions are satisfied.

(O1) For every every coherent Og-module M the sheaf Ex(a/S, M) is coherent.
(02) The functors Exx(a/S,—) and Ob(a,—) on Coh(S) satisfy the generic
principle (see 6.1.4).

Then openness of formal versality holds for a.

Proor. We will verify conditions (1) and (2) of 6.1.5. The first one follows
from the extended Kodaira Spencer sequence

Ders(0Og, M) — Exx(a/S, M) — Exs(a, M) — Ex(S/E, M) — Ob(a, M),

since the four outer terms are coherent by (O1) and 6.1.3. Hence Ezx(a, M) is
coherent too.

By part (b) of the following lemma, the functors Ders(Og, —) and Ex(S/X, —)
satisfy the generic principle. Hence the second condition also follows from the
Kodaira-Spencer sequence using part (a) of the following lemma. O

In the proof above we have used the following simple observation.

LEMMA 6.1.9. (a) Let A, B, C, D, E : Coh(S) — Coh(S) be additive functors
such that for every M € Coh(S) there is a functorial exact sequence
AM) - B(M) - C(M) - D(M) — E(M).

Assume that A, B, D, E satisfy the generic principle. Then C also satisfies the
generic principle.
(b) The functors Ders(Og,—) and Ex(S/%, =) satisfy the generic principle.
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PROOF. Let T C S be a closed reduced subspace. In order to prove (a), choose
a Zariski open dense subset U; of T' such that, for F' any one of the functors A, B,
D, E, the map

F(O7)(t) := F(Or) ® Op /my—F(Op/m;)

is bijective for all ¢ € U;. Moreover choose a Zariski open dense subset U of T
such that the modules in the exact sequence

(*)  A(Or) — B(Or) — C(Or) — D(Or) — E(O1) — E(Or)/D(O1) — 0

are all locally free on Us. Set U := U; N Us and consider for ¢ € U the following
diagram.

A(Or)(t) — B(Or)(t) — C(Or)(t) — D(Or)(t) — E(Or)(1)

e R
A(Or/my) — B(Or/my) — C(Or/my) — D(Or/my) — E(Or/my).

The maps «, 3,6, e are bijective for ¢ € U by the choice of U. The second line is
exact by assumption. Moreover the first line is obtained from the exact sequence
(%) by tensoring with Or/m; and so is also exact. Now the 5-lemma gives that
is an isomorphism, as required.

In order to show (b), let us first treat the functor Ders(Og,—). We choose
a Zariski open dense subset U such that le/z ® Or is locally free on U. Since

Ders(0Og, M) = Homg (Q}q/z, M) the canonical maps
'De’f‘z(OS, OT) ® OT/mt%D@”z;(OS, (’)T/mt)

are isomorphisms for ¢ € U, whence Dery(Og, —) satisfies the generic principle.

Finally let us show that the functor £x(S/%, —) satisfies the generic principle.
If we embed S locally into an open subset M C C" x ¥ with ideal sheaf, say,
J C Oc¢n«ys then by the Zariski-Jacobi sequence

Ex(S/%, M) = Coker(Ders (Opr, M)—Homs (T /T?, M)).

Choose U := Reg(J/J* ® Or), i.e. U is the set of all points ¢t € U such that the
stalk of J/J%® Or at t is free as Or+-module. Note that this does not depend on
the choice of the local embedding since for two different embeddings the conormal
modules differ at most by a free direct summand. Using the diagram

Ders(Ou, Or)(t) — Homp (T /T? @ Op, Or)(t) — Ex(S/S, Or)(t) — 0

| |~

D€T2(0M7OT/mt) — 'HomT(]/J2 ® OT,(’)T/mt) — Sx(S/Z,OT/mt) — 0

it follows that the vertical arrow on the right hand side is bijective for ¢ € U.
O

EXAMPLE 6.1.10. Let us consider unobstructed deformations of compact com-
plex manifolds. More precisely, let p : F — An be the category of deformations of
compact complex spaces (see ??7) and consider a proper smooth map f: X — S,
such that every fibre X, := f~!(s), s € S, is unobstructed, i.e. it admits a smooth
versal deformation. Then by 6.1.7 we can take Ob(a,—) = 0 as an obstruction
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theory, with a := (f : X — S). Moreover, by ?? Ex(a/S, M) is isomorphic to
HY(X, Ox/s ® f*M) and so there is a natural isomorphism

Ex(a/S, M) = R f.(Ox/s ® [*M).

In particular, this sheaf is coherent and (O1) is satisfied. Applying ?? to the
cohomology functors F'(—) = R'f,(©x/s ® f*(—)) it follows that also (02) is
satisfied. Hence openness of formal versality holds for a.

For instance, this observation applies to families for which H?(X,,0x.) = 0
for all s € S (see 7?). Similarly, if wx, = Ox,_ for all s € S then again all fibres X
are unobstructed, see 77.

Other examples, where one has a trivial obstruction theory, are unobstructed
deformations of modules or embedded deformations (cf. Sect. 4., 4.7). The reader
may work out that in such cases again openness of versality holds.

Appendix: Inverse systems and the generic principle

In this appendix we provide two lemmata. The first one is on inverse systems
and was used in the previous section. The second one is a simple criterion for
when the generic principle is satisfied for an additive functor as in 7?. We follow
the exposition given in [F1]; for applications of these techniques to the comparison
theorem and semicontinuity theorem see also ?77.

A lemma on inverse systems. Let us consider a noetherian ring A and an
additive functor on the category Modf; of finite A—modules into itself

F M0d£—>M0d£
satisfying the following two conditions.

(a) F is half exact.
(b) F is A-linear, i.e. for all finite A-modules M, N the map

F, : Homu (M, N)— Homy (F(M), F(N))
is A-linear.
Let R = @D,y Ri be a finitely generated graded A-Algebra. We can extend F
to finite graded R-modules M = @, ., M by setting
F(M) =@ F(M;) .
=
If f € R is a homogeneous element then multiplication by f gives a homogeneous
map M@ > f >> M and so an induced map

F(f): F(M) — F(M) .

Taking this as the multiplication by f on F(M) the reader may easily verify that
F(M) becomes a graded R-module and so F' extends to an R-linear functor on
the category of finite graded R—modules into the category of graded R—modules.
Clearly this extension is again half exact.

The following simple proposition is essential to understand the compatability
of F with inverse limits.

PROPOSITION 6.1.11. If M is a finite graded R—module then F(M) is also a
finite graded R—module.



APPENDIX: INVERSE SYSTEMS AND THE GENERIC PRINCIPLE 145

PROOF. The ring R can be written as a graded quotient of a polynomial ring
AlTy,...,T,] where degT; = w; for some w; € N. Clearly we may assume that
R = A[Ty,...,T,]. We will proceed by induction on the number of indeterminates
n. For n = 0 there is nothing to show. So assume that n > 0. First assume that
T, is not a zero divisor on M so that 0 — M ELN M — M/T,M — 0 is exact.
Applying F' we get an exact sequence

F(M) I F(M)—F(M/T,M) .

As M/T,,M can be considered as a finite module over R = A[Ty,...,T, 1] we get
from the induction hypothesis that F'(M/T,, M) is a finite R-modules, equivalently,
finite over R. It follows that

FM)/T,F(M) C F(M/T,M)
is again finite over R. Hence, using the lemma of Nakayama in the graded case (see
?7? {Mat}) F(M) is also finite over R.
In the general case, consider the ascending chain of submodules Annjy, (Tlf),
k > 0, of M. Since M is noetherian, we find k£ > 0 such that Anny, (T,’f) =
Ann,s (Tff"'r) for all r. It follows that on M := M/ AnnM((Tff) the element T;, is

not a zerodivisor and so by the first part of the proof F(M) is finite over R. Using
the exact sequence

F (Anny (TF)) —— F(M) —— F(M)

it remains to show that F (AnnM(T,’f)) is finite over R. But this again is a con-

sequence of the induction hypothesis since Annp, (T,’f) is already finite over the
subring A[Ty,...,T,—1] of R. ]

In the following we consider inverse systems of A-modules {F,},, y (see [AMa,
Chapt. 10], for example). We call such a system essentially zero if for all n there
is an n’ > n so that F,, — F, is the zero map. In particular then lim F;, = 0.
Moreover, let

{¥n} A{F}—{Gn}
be a morphism of inverse systems, i.e. F;, — G, is a collection of A-linear maps
which are compatible with the given maps F,,11 — Fy,, Gnr1 — G, We call {¢,,}
essentially injective if {Ker,} is essentially zero. The reader may immediately
verify that if {¢,,} is essentially injective then the induced map

lim, : lim F,,— lim G,
— — —
is injective.
COROLLARY 6.1.12. Let N be a finite A—module and a C A an ideal. Then the
natural map
{F(M)/a"F(M)} — {F(M/a"M)}
is essentially injective. In particular, the map lim F'(M)/a"F(M) — lim F(M/a" M)
18 injective.
PRrROOF. By 6.1.11 the module ,,-, F(a™ M) is naturally a finite graded mod-

ule over the Rees ring R := @, -, a"T™ C A[T]. Therefore we can find an integer
k > 0 such that -

F(a"**M)=a"F(a*M)  foralln € N.
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From the exact sequence
a"F(a*M) = F(a"™*M)—F(M)—F(M/a" " M)
we get an exact sequence of inverse systems
{a"F(a*M)/a"T*F(M)} — {F(M)/a"*F(M)} — {F(M/a" M)} .
Since the system on the left is essentially zero, the result follows. ([l

Cohomology functors and the generic principle. Let X be a complex
space and assume that for every open subset U C X we have functors

F':Coh(U)— Coh(U), icZ
satisfying the following conditions.
(a) F*is T'(U, Oy)-linear i.e. for coherent sheaves M, N on U the map

F; : Homy (M, N')— Homy (F*(M), F*(N))

is I'(U, Oy )-linear.
(b) F'is compatible with restrictions, that is, for M € Coh(U) and an open
subset V' C U there are natural isomorphisms F'(M) |V & F{(M | V).
(c) {Fz}l z constitutes a system of cohomology functors, i.e. for every se-
quence of coherent modules on some open subset U C X

0—M —M-—M"—0
there is a long exact sequence
i—1 . . . i .
. 3_)F1(M/)_)F1(M)_)F1(M//) 8—>F1+1(M’)—>~--
where the 9 are maps that are functorial with respect to short exact

sequences in the usual sense.

It follows in particular that for coherent Opy—modules M, N we get an Op-linear
map

Homy (M, N)—Homy (F'(M), F(N)) .
In the special case M = Oy this amounts to a natural homomorphism
N @0, F{(Oy)—F'N) .
With these notations we have the following result.
THEOREM 6.1.13. Let X' C X be a reduced subspace of X and let k € Z be

fized. Then there is a Zariski open dense subset U C X' such that for every V. C U
and every Oy -module N the homomorphism

N @0, F¥(Oy)—F*(N)
is bijective. In particular, F* satisfies the generic principle.

PROOF. We may suppose that X’ = X. Clearly, if the result holds for every
irreducible component of X, then it also holds for X. Therefore we can assume
that X is irreducible of dimension, say, n. Let U C X be the subset of points x
such that

(a) z € Reg X,
(b) FF7(Ox), is a free Ox z—module for v = 0,...,n.
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Clearly U is Zariski open and dense in X. We claim that U is a set as required.
Let V C U be open and N a coherent Oy -module. We need to show that the map
(*) is an isomorphism. It is sufficient to prove this locally in V. Therefore we may
assume that there is a finite resolution

O—sFp—s - —Fo—N—0 ,

where Fy, . . ., F,, are free coherent Oy —modules. Consider N,. := coker (F,41 — F;)
so that Ny = N and N,, = F,,. We will show by descending induction on r that
the natural maps

(%)r No @ FM7(0y) = FF™(N,), 0<wv <,

are isomorphisms. If r = n then N,, = F,, is free, and the claim follows from the
fact that each F compatible with finite direct sums.

Assume now that (%),11 (r > 0) is already shown and consider the exact
sequence

0—>Nr+1 —>.7:r+1 —>Nr—>0 .

For each v, we get a natural diagram

e PR (Ny) e FRP(Fy) e PR

DLVI %I Bu

0 — Npy1 @ FF(0Oy) — Frp1 @ F*YY(Oy) — N, @ FF(Oy) — 0.

Note that the bottom row is exact for v = 0,...,n, by our assumption (b). By
induction hypothesis the maps «,, v = 0,...,r + 1, are bijective. In particular
it follows that j, is injective for v = 0,...,r + 1 and that p, is surjective for
v =0,...,7. Now a simple diagram chase shows that 3, is an isomorphism for
v=0,...,7. O

6.2. Applications

In this section we will derive from our general criterion in Section 5.1 that
for deformations of manifolds and deformations of vector bundles we always have
openess of formal versality. The crucial step in proving this is to establish the
existence of an obstruction theory satisfying the requirements of 6.1.10. We do this
first for deformations of compact complex manifolds and, even more generally, for
arbitrary locally trivial deformations of compact complex spaces. We derive that
for such deformations openess of versality holds. In the second part we establish
the existence of an obstruction theory for deformations of vector bundles. Again
openess of versality follows.

Locally trivial deformations of complex spaces. Our first result is the
main tool for constructing an obstruction theory. We consider the following nota-
tions.

Let X — S be a fixed flat morphism of compact complex spaces which is locally
trivial. Moreover, M denotes a coherent Og-module.

THEOREM 6.2.1. There exists a natural map

ob: Ex(S, M)—H?*(X,0x/5 ® f*M)
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such that for an extension S — S’ of S by M the class ob([S’]) vanishes if and
only if there exits a commutative diagram

X < X
Il LS
S — 9.

where X' is a locally trivial extension of X by f* M.
For the proof we need the following lemma.

LEMMA 6.2.2. With the assumptions as in the proposition, suppose that X is
a Stein space and X' and X' are two S'-extensions of X by f*(M). Then there is

0~
an S’-isomorphism X' = X' of extension, i.e. @ induces the identity on X.

PROOF. Let p: E — An be the fibration in groupoids of locally trivial deforma-
tions, i.e. we consider all holomorphic maps Z — T that are flat and locally trivial.
Then a := (X — S) may be considerd as an object in E, and ¢/ = (X' — S’) and

@' = (X' — §') are extensions of a by M. In the Kodaira-Spencer sequence

Ex(a/S, M)— Ex(a, M) - Ex(S, M)
the classes of a/,a’ in Ex(a, M) map both onto [S'] in Ex(S, M). By 3.3.10
Ex(a/S, M) = H'(X,0x/s ® f*(M)),

and X being Stein this group vanishes. Hence p is injective and o’ = a'. O

PROOF OF THE THEOREM. Since the map X — S is locally trivial we can
find an open covering U := {X;};er of X by Stein open sets together with open
embeddings
Set Ox: = ¢} (Oy,xs:) so that X; — X[ is an S’ extension of X; by f*(M)|X;
and X] — S’ is locally trival. Consider X;; := X; N X, and

Xij = Xl X, Xij — X[ Xij.
These are two S’ extensions of X;; by f*(M)|X;;. By the preceding lemma they are
isomorphic, i.e. there are S’-isomorphisms ¢;; : X/|X;; — XJ’»|XZ-J- with ¢;; = gaj_il
restricting to the identity on X;;. The map
Pijk = Pik © Pri © Pij + Xj| Xigr — XG| Xiju

is an S” automorphism, where X5 := X; N X; N X. Thus it has the form 1 —e¥; i
with an S-derivation

Vi + Oxi50 — f5 (M) X
The relation

id = @310k (Pkj Pijtik) (ki Pk Pik)-

show that

gt — Virt + Viji — Vi = 0,
i.e. (¥) defines a Cech cocycle. We defines ob([S’]) to be its Cech cohomology
class in

H*(U,0x/s ® f*M) =2 H*(X,0x5 ® f*M).
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Let us prove that ob([S’]) is well defined. First we show that it does not depend
on the choice of the isomorphisms ¢;;. In fact, for another choice ¢;; we have

Pk = Pij + €Vij
for some S’-derivations
191']' : OX” —>f* (M)‘X”

Then the reader may verify that for the cocycles (¥;i), (¥ijx) corresponding to
(pij), (@ijk), respectively, we have

(Vi) = (Dijk) +0(0i;),
where ¢ is the boundary operator in the Cech complex. Thus (9451) and (ﬁuk)
define the same cohomolgy class.

Secondly, let us show that ob([S]) is independent of the choice of the trivial-
izations ;. In fact, given two trivialization ¢;, @; as above we get correspondingly
two S’ extensions X/, X/ of X; by f*(M)|X;. By the lemma above, there is an S'-
isomorhism h; : X! XZ’ inducing the identity on X;. Taking as @;; = higaijhi_l
we arrive at the same cocycle (¢;55). Finally, the independence from the choice of
the covering is clear since any two coverings admit a common refinement.

Assume that ob([S’]) vanishes. Then we can write

Viji = Vji — Vir + 5
for a collection of S-derivations
7975]’ . OXi]. — f*(M)|X” with ﬁij = —19]'1'.
Then h;; := 1 — ev;; defines an automorphism of X/|X;;. Replacing ¢;; by
Vij = ij o hij = pij +edy;
we obtain wij|Xij = idXij and
Pik i iy = id.

Hence, pasting the X/ along the isomorphisms t;; we obtain an S’-space X’ which
is an extension of X by f*(M), and by construction X’ — S’ is locally trivial.

Conversely, assume that there is an S’-extension X — X’ by f*(M) such
that X’ — S’ is locally trivial. Choose the covering U = (X;);cs in such a way
that there are already trivializations X! — X;o x S’. Restricting them to X;
gives trivializations ¢; as above. Now the construction shows immediatily that the
corresponding cocycle (9;;;) vanishes and so ob([S]) = 0.

Finally, it is immediate from the construction that the map ob is functorial in

M and compatible with restrictions to open sets. This completes the proof of the
theorem. 0

Let now p : E — An denot the groupoid of lacally trivial deformations so that
our given map X — S map be considered as an object of E which we denote by a.
Sheafifying the map ob constructed in 6.2.1 we get a functorial map also denoted
by ob

(%) ob : Ex(S, M)—R*f.(Ox/5 ® f*M).
The above result 6.2.1 amounts to the exactness of the sequence

Ex(a, M)— Ex(S, M) 2% H?(S,0x/5 @ f*M).
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Hence we obtain the following result.

COROLLARY 6.2.3. Assume that X — S is a proper map which is locally trivial.
Then the map ob in (x) is an obstruction theory for a = (X — S).

ProoF. Shefifying the above sequence we get an exact sequence

Ex(a, M)—Ex(S, M) 2 R f.(Ox /5 ® f*M).

By the properness of f the sheaf on the right hand side is coherent. This proves
the result. (I

Applying our criterion for openess of versality 6.1.10 gives the following result.

THEOREM 6.2.4. Let f : X — S be a proper map of complex spaces which is
locally trivial. Then openess of versality holds for f, i.e. the set of points s € S,
where f is a versal deformation, is Zariski open in S.

PROOF. It remains to show that the conditions (O1), (02) in 6.1.10 are satis-
fied. First, by ??
Ex(a/$,M) = R f.(0x/5 © " M)
is coherent on S, i.e. (O1) is satisfied. Applying ?? to the cohomolgy functors
F'(=) = R' f.(©x,s5 ® f*(—)) we obtain that (02) also holds. The result follows.
O

As a special case we note the case of deformations of compact complex mani-
folds.

COROLLARY 6.2.5. Let f : X — S be a proper smooth map. Then openess of
versality holds for f.

Deformations of modules. Let us now turn to deformations of modules. For
the remaining part of this section we use the following notations.

Let X — X be a fixed flat holomorphic map. For a X-space S set X := X x5 S
so that f : X — S is flat. In our first result we consider extensions of a fixed
locally free sheaf F of finite rank on X.

THEOREM 6.2.6. (1) There is a natural map
ob = obr : Exx (S, M)—H*(X,End (F) @ f*M)

such that for an X-extension (S — S’) of S by M the class ob([S’]) vanishes if and
only if there is a locally free sheaf F' on X' := X x5 S’ restricting to F on X—X'.

(2) Assumes that X is compact, S is Stein and ¥ is a simple point. Then
ob([S']) vanishes under the trace map

tr: H*(X,End (F ® f*M) — H*(X, f*M),
and so ob([S']) € H?(X, sl(F) ® f*M).

The proof is similar to the proof of 6.2.1. First we note the following analogue
of 6.2.2.

LEMMA 6.2.7. In the situation of 6.2.6, assume that X is a Stein space and
that F' and F' are two locally free sheaves on X' restricting to F. Then there is
an isomorphism F' = F' inducing the identity on F.
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PROOF. Let p : E — Any be the deformation theory, where the objects of E
are given by pairs (€, T), with T' € Any, and £ a vector bundle on X x5 7. Similarly
as in the proof of 6.2.1 we can consider the classes of a’ = (F',8"),a’ = (F',5")
in Exs(a, M), where a € E is the object given by (F,S). Again, it is sufficient to
verify that Exy(a/S, M) vanishes. But this follows from the fact that X is Stein
and so by 5.3.2

Exs(a/S,M) = HY(X,End () @ foM) =0
]

PROOF OF 6.2.6. Let U = (X)icr be a covering of &' such that F|X; = O .
Let Xj,.., denote the intersection X;, N...N A;,, and similary for &} . . We set
F; := O%,. By the lemma above, there are isomorphisms

Pji : f{/Xi/j - f]/|‘)(1/j with ;i = SDi_jl
inducing the identity on F|X;;. We consider isomorphisms
Pijk = PikPriij + Fil X jp——F | X -

When tensored with OXW they are the identity on F|X;;r. Hence we can write
@ijkx = 1 — €1, where

Vijr € H°(Xiji, End (€) ® f*M).
The same calculation as in the proof of 6.2.2 shows that (9;;%) is a Cech cocycle
and so defines a cohomology class

obr([S']) € H*(X,End (£) ® f*M) =2 H*(X,End (€) ® f*M).

Moreover by the same reasoning as in loc.cit. obz([S’]) is independent of the choices
involved and the construction is functorial with respect to M.

Assume that obz([S’]) vanishes so that we can write

Vijr = Vi — Vax + V4,

where ¥;; = —1;; are in HO(X/;, End (£) @ f*M). Then hyj := 1 — €0y defines an
automorphism of J;|X/;. Replacing p;; by vi; 1= ¢i; Oh;j1 we have ;95 = id,
so that we can paste the bundles F] to obtain a vector bundle 7’ on X” restricting
to F over S. Converseley, it follows with almost the same arguments as in the proof
of 6.2.2 that the existence of F’ implies the vanishing of ob([S"]).

For the proof of (2) note first that

(a) H*(X, f*M) = H(S, R* f(Ox) ® M),

since S is Stein. We need to show that tr(obz([S])) vanishes in this group. In a
first step let us prove that

(b) tr(obz([S]) = ob.([5]),
where L := det F is the determinant bundle of F; note that End £L = Oy and so

ob,([S']) is an element of the group in (a). Consider in the construction above
L] = det F] instead of F/, and set ®;; := det ¢;;, ®i;jx := det @;jk, so that D, =
P 0 B0 ®ii. As ik = 1 — e and €2 = 0 we have

q)ijk =1- é‘tr(ﬂi]’k).
Hence by the construction above tr(d;;;) represents ob,([S’]) which shows the
equality in (b).
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In a second step let us verify that ob,([S’]) vanishes. Because of (1) it suffices
to show this locally around each point s € S. By the universal property of the
Picard scheme, the bundle £ amounts to a map « : (S, s) — Pic X into the Picard
variety. As Pic X is smooth we can lift a to a map (S’,s) — PicX. Then the
pullback of the universal bundle is an extension £’ of £ in a neighbourhood of s.
Thus ob.([S']) vanishes as a section in H(S, R?f.Ox) as required. O

Like in the case of locally trivial deformations of spaces, we use this result to
establish the existence of an obstruction theory in the sense of 6.1.6. As before
let p : E — Any denote the deformation theory of vector bundles on X, i.e. the
objects of E are given by pairs (S,F), where S € Any, and F is a locally free
coherent sheaf an X = X x5 .S. The above result amounts to the exactness of the
sequence

Exs(a, M)—Exs (S, M) 22 R2f, (End (£) @ f* M),

where ob is the sheafified map ob from 6.2.7. Hence we obtain the following corol-
lary.

COROLLARY 6.2.8. Let X — X be as above and assume moreover that this
map is proper. Then the map ob in the above sequence is an obstruction theory for

(F,5).

PROOF. It remains to verify that R?f.(End () ® f*M) is coherent. But this
is clear from our assumption. (Il

Using the same line of arguments as in 6.2.4 we derive the following result.

THEOREM 6.2.9. Let X — X be as in 6.2.7 and F a vector bundle on X =
X x5 S. Then the set of points s € S in which F is the versal deformation of its
fibre, is Zariski open in S.

REMARK 6.2.10. More generally one has an obstruction theory for an arbitrary
coherent sheaf 7 on X which has proper support over S and is S-flat. In this case
the obstructions lie in Ext?(F,F ® f*M), and one can again derive openess of
versality, see 77 for details.

6.3. Universal deformations

Let p : F — An be a deformation theory, S € An a complex space and
a € F(S). Let us first give a simple criterion for when an extension a<—a’ is trivial,
see also 2.3.3.

LEMMA 6.3.1. If a—ad’ is an extension of a by a coherent Og-module M, then
the following are equivalent.

1. There is a section o : a’ — a so that a — a’ — a is the identity.

2. @ = a[M] is the trivial extension of a by M.
Moreover, the isomorphism in (2) is uniquely determined by the section o.

Proor. This follows easily from the universal property (FC1) in 3.1.1. O
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LEMMA 6.3.2. Let a—a’ be an extension of a by M. Then there is a canonical
isomorphism a' [, a’ = a' ][, a[M] such that the diagram

/\
o] o === dT] alM]

commutes, where i, j are the inclusions into the first summand.

. s / /

1dH1d Ta Haa —a
is a section of a—a’, whence by 6.3.1 o' [, @’ = a'[M]. As the latter object is
isomorphic to a'[[,a[M], the result follows. O

COROLLARY 6.3.3. Aut, a’ = Aut, a[M].

Proor. The map

PRrOOF. By 3.2.4 we have

Aut, (a']],a’) = Aut, @’ x Aut, a’
Aut, (a'T],a[M]) = Aut, o’ x Aut, a[M].

Hence the diagram in 6.3.2 yields a commutative diagram

Aut, o
/ \
Aut, d’ x Aut, o ——— Aut, a’ x Aut, alM],
where p, ¢ denote the projections onto the first factor. Thus
Aut, a’ = p~t(idy) = ¢ (idy) = Aut, a[M],

as required. (I
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